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Abstract

We presenta classof approximateinferencealgorithmsfor graphical
modelsof the QMR-DT type. We give convergenceratesfor theseal-
gorithmsandfor the Jaaklola and Jordan(1999) algorithm, and verify
thesetheoreticalpredictionsempirically. We alsopresentempiricalre-
sultson thedifficult QMR-DT network problem,obtainingperformance
of the new algorithmsroughly comparableo the Jaaklola and Jordan
algorithm.

1 Intr oduction

Thegraphicalmodelsformalismprovidesanappealingramework for the designandanal-
ysisof network-basedearningandinferencesystemsTheformalismendavs graphswith
a joint probability distribution andinterpretsmostqueriesof interestas mamginal or con-
ditional probabilitiesunderthis joint. For a fixed modeloneis generallyinterestedn the
conditionalprobability of anoutputgivenaninput (for prediction),or aninput conditional
on the output(for diagnosisor control). During learningthe focusis usuallyon the lik e-
lihood (a maminal probability), on the conditionalprobability of unobsered nodesgiven
obsenednodes(e.g.,for anEM or gradient-basedlgorithm),or ontheconditionalproba-
bility of theparametergiventhe obseneddata(in a Bayesiarsetting).

In all of thesecaseghe key computationabperationis thatof maminalization. Thereare
severalmethodsavailablefor computingmarginal probabilitiesin graphicalmodels,most
of whichinvolve someform of message-passimayn thegraph.Exactmethodswhile viable
in mary interestingcaseginvolving sparsegraphs)areinfeasiblein the densegraphsthat
we considelin thecurrentpaper A numberof approximatiormethodshave evolvedto treat
suchcasestheseinclude search-basethethodsJoopy propagationstochasticsampling,
andvariationalmethods.

Variationalmethods the focus of the currentpaper have beenappliedsuccessfullyto a
numberof large-scaldnferenceproblems. In particular Jaaklola and Jordan(1999) de-
velopeda variationalinferencemethodfor the QMR-DT network, a benchmarknetwork
involving over 4,000 nodes(seebelow). The variationalmethodprovided accurateap-
proximationto posteriorprobabilitieswithin a secondof computertime. For this difficult



inferenceproblem exact methodsare entirely infeasible (seebelow), loopy propagation
doesnot corvergeto correctposteriors(Murphy, Weiss,& Jordan,1999),and stochastic
samplingmethodsareslow andunreliable(Jaaklola & Jordan1999).

A significantstepforwardin theunderstandingf variationalinferencevasmadeby Kearns
and Saul (1998), who usedlarge deviation techniquego analyzethe corvergencerate of

a simplified variationalinferencealgorithm. Imposingconditionson the magnitudeof the
weightsin the network, they establishe@ O(+/log N/N) rateof corvergencefor theerror
of theiralgorithm,whereN is thefan-in.

In the currentpaperwe utilize techniquessimilar to thoseof Kearnsand Saulto derive a
new setof variationalinferencealgorithmswith ratesthatarefasterthanO(/log N/N).

Our techniquesalsoallow usto analyzethe corvergencerate of the Jaaklola and Jordan
(1999) algorithm. We testthesealgorithmson an idealizedproblemand verify that our
analysiscorrectly predictstheir ratesof corvergence. We thenapply thesealgorithmsto

thedifficult the QMR-DT network problem.

2 Background

2.1 The QMR-DT network

TheQMR-DT (Quick MedicalReferenceDecision-Theoretichetwork is abipartitegraph
with approximately600 top-level nodesd; representingliseasesandapproximately4000
lower-level nodesf; representingindings (obsered symptoms). All nodesare binary-
valued. Eachdiseasds givena prior probability P(d; = 1), obtainedfrom archval data,
andeachfinding is parameterizedsa “noisy-OR” model:

P(f; =1]d) = 1 — 7707 Zsen: s,
where; is the setof parentdiseasedor finding f;, and wherethe parameterd;; are
obtainedfrom assessmentsy medicalexperts(seeShwe,etal., 1991).

Lettingz; = 0,0 + >, 0;;d;, we have thefollowing expressiorfor thelik elihood:
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wherethe sumis asumacrosshe approximately26°° configurationsf the diseasesNote
thatthe secondoroduct,a productoverthenegative findings,factorizesacrosshe diseases
d;; thesefactorscanbeabsorbednto thepriors P(d;) andhave no significanteffectonthe
compleity of inference.lt is the positive findingswhich couplethe diseasesndprevent
thesumfrom beingdistributedacrosshe product.

Genericexact algorithmssuchas the junction tree algorithm scaleexponentiallyin the
sizeof the maximalcliquein a moralized triangulatecgraph. JaaklolaandJordan(1999)
found cliquesof morethan 150 nodesin QMR-DT; this rulesout the junction tree algo-
rithm. Heckerman(1989)discovereda factorizationspecificto QMR-DT thatreduceghe
complity substantially;however the resultingalgorithmstill scalesexponentiallyin the
numberof positive findingsandis only feasiblefor asmallsubsebf thebenchmarlcases.

!In thisexpressionthefactorsP(d;) aretheprobabilitiesassociateshith the (parent-lessjlisease
nodesthefactors(1 — e~ *#) arethe probabilitiesof the (child) finding nodesthatareobseredto be
in their positive state andthefactorse ~*¢ aretheprobabilitiesof thenegative findings. Theresulting
productis thejoint probability P( f, d), which is mamginalizedto obtainthelikelihood P(f).



2.2 The Jaakkola and Jordan (JJ) algorithm

JaaklolaandJordan(1999)proposeda variationalalgorithmfor approximateénferencein
the QMR-DT setting. Briefly, their approachis to make useof the following variational
inequality:

1—e % < eAiZi*Civ
wherec; is a deterministicfunction of A;. This inequality holdsfor arbitrary valuesof
the free “variationalparameter”);. Substitutingthesevariationalupperboundsfor the
probabilitiesof positive findingsin Eg. (1), oneobtainsa factorizableupperboundon the
likelihood.Becausef thefactorizability the sumacrosdliseasesanbedistributedacross
thejoint probability, yielding a productof sumsratherthana sumof products.Onethen
minimizesthe resultingexpressiorwith respecto the variationalparameterso obtainthe
tightestpossiblevariationalbound.

2.3 The Keamnsand Saul (KS) algorithm

A simplified variationalalgorithmwasproposedy Kearnsand Saul (1998),whosemain
goalwasthetheoreticalanalysisof the ratesof corvergencefor variationalalgorithms.In

their approachthe local conditionalprobability for the finding f; is approximatedy its

valueata pointa small distances; above or belov (dependingon whetherupperor lower
boundsaredesired}the meaninput E[2;]. Thisyieldsa variationalalgorithmin which the
valuese; arethe variationalparametergo be optimized. Underthe assumptiorthat the
weightsf;; areboundedn magnitudeby /N, wherer is aconstanand N is thenumber
of parent(“disease”)nodes Kearnsand Saulshaved thatthe errorin likelihoodfor their

algorithmcorvergesatarateof O(y/log N/N).

3 Algorithms basedon local expansions

Inspiredby Kearnsand Saul (1998),we describethe designof approximationalgorithms
for QMR-DT obtainedby expansionsaroundthe meaninputto the finding nodes.Rather
than using point approximationsasin the Kearns-Sau(KS) algorithm, we male use of
Taylor expansions.(SeealsoPlefka(1982),and Barberandvande Laar (1999)for other
perturbationatechniques.)

Consideageneralized)MR-DT architecturén whichthenoisy-ORmodelisreplacedy a
generafunctiony(z) : R — [0, 1] having uniformly boundedderivatives,i.e., [¢(? (2)| <
B;. DefineF(z,. .., zx) = [T, (@(z:))" T1X, (1 — ¢ ()" ¥ sothatthelikelihood

canbewrittenas =

P(f) :E{Zi}[F(Zl,...,ZK)]. (2)
Also definep; = E[z;] = 6i + Y1, 85 P(d; = 1).
A simplemean-field-lile approximatiorcanbeobtainedyy evaluatingF' atthemeanvalues
i

P(f)%F(.ulr":/J'K)- (3)

We referto this approximatioras“MF(0).”
Expandingthefunction F' to secondorder, anddefininge; = z; — u;, we have:
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wherethesubscripton F' representlerivatives. Droppingtheremaindetermandbringing
the expectationinside,we have the“MF(2)" approximation:

P~ F(H) + 3 30 3 oy ()Bles 0]

i1=1142=1

More generallywe obtaina “MF (¢)" approximatiorby carryingouta Taylor expansiorto
i-th order

3.1 Analysis

In this section we give two theoremsestablishingcorvergenceratesfor the MF () family
of algorithmsandfor the Jaaklola and Jordanalgorithm. As in Kearnsand Saul (1998),
our resultsare obtainedunderthe assumptiorthat the weightsare of magnitudeat most
O(1/N) (recallthat NV is the numberof diseasenodes).For large N, this assumptiorof
“weakinteractions'impliesthateachz; will beclosetoits meanvaluewith high probability
(by thelaw of largenumbers)andtherebygivesjustificationto the useof local expansions
for theprobabilitiesof thefindings.

Dueto spaceconstraintsthe detailedproofsof the theoremgivenin this sectionare de-
ferredto thelong versionof this paper andwe will insteadonly sketchthe intuitions for
theproofshere.

Theorem1 Let K (thenumberoffindings)befixed,andsupposéf;;| < £ for all 4, j for
soméfixedconstantr. Thentheabsoluteerror of theMF(k) approximationis O ( 5tz )
for k oddand O (xw7=7sy) for k even.

Proof intuition. Firstconsiderthe caseof oddk. Since|6;;| < &, thequantitye; = z; —
pi = 3, 0i5(d; — E[d;]) is like anaverageof N randomvariablesandhencehasstandard

deviation ontheorder1/v/N. SinceMF(k) matchesF upto the k-th orderderivatives,we
find thatwhenwe take a Taylor expansiorof MF(k)’serror, theleadingnon-zeraermis the

k + 1-storderterm,which containsguantitiessuchase’™ . Now because; hasstandard
deviation on the order1/+v/N, it is unsurprisinghatE[¢f*'] is on the order1/N (++1)/2,
which givesthe errorof MF(k) for odd k.

For k even,theleadingnon-zeraermin the Taylor expansiorof theerroris ak + 1-storder
termwith quantitiessuchaSef“. But if we think of ¢; ascorverging (via a centrallimit
theoremeffect) to a symmetricdistribution, thensincesymmetricdistributionshave small
oddcentralmomentsE[ef ] would be small. This meanshatfor k even,we maylook to
theorderk + 2 termfor theerror, whichleadsto MF(k) having thethe samebig-O erroras
MF(k + 1). Notethisis alsoconsistentwith how MF(0) andMF(1) alwaysgive the same
estimateandhencehave the sameabsoluteerror. O

A theoremmay also be provedfor the corvergencerate of the Jaaklola and Jordan(JJ)
algorithm. For simplicity, we stateit hereonly for noisy-ORnetworks? A closelyrelated
resultalso holds for sigmoid networks with suitably modified assumptionsseethe full
paper

Theorem?2 LetK befixed,andsuppose)(z) = 1—e ™ # isthenoisy-ORfunction. Suppose
furtherthat0 < 0;; < & for all 4, j for somefixedconstantr, andthat y; > pmiy, for all

i, for somefixedumin > 0. Thentheabsoluteerror of the JJ approximationis O (%)

2Notein ary casethatJJcanbeappliedonly whens) is log-concae, suchasin noisy-ORnetworks
(whereincidentallyall weightsarenon-ngatie).



Abs Error

The conditionof someu,;, lowerboundinghe u;'s ensureghatthe findingsare not too
unlikely; for it to hold, it is sufficient thattherebe bias(“leak”) nodesin the network with
weightsboundedaway from zero.

Proof intuition. Neglectingnegative findings, (which asdiscussedio not needto be han-
dledvariationally) this resultis provedfor a “simplified” versionof the JJalgorithm,that
always chooseghe variationalparameterso thatfor eachi, the exponentialupperbound
on(z;) is tangento ¢ at z; = u;. (The“normal” versionof JJcanhave error no worse
thanthis simplified one.) Takinga Taylor expansioragainof the approximationserror, we
find thatsincethe upperboundasmatchedzerothandfirst derivativeswith F, theerroris
a secondordertermwith quantitiessuchase?. As discussedn the MF(k) proof outline,
this quantityhasexpectationontheorder1/N, andhencelJs erroris O(1/N). O

To summarizeour resultsin the mostusefulcasesyve find thatMF(0) hasa corvergence
rateof O(1/N), bothMF(2) andMF(3) have ratesof O(1/N?), andJJhasa convergence
rateof O(1/N).

4 Simulation results

4.1 Artificial networks

We carriedout a setof simulationsthatwereintendedto verify thetheoreticakesultspre-
sentedn theprevioussection.We usedbipartitenoisy-ORnetworks, with full connectvity
betweerlayersandwith theweightsé;; choseruniformly in (0,2/N). ThenumberN of
top-level (“disease”)nodesrangedfrom 10 to 1000. Priors on the diseasenodeswere
choseruniformly in (0,1).

Theresultsareshovn in Figure 1 for oneandfive positive findings(similar resultswhere
obtainedfor additionalpositive findings).

Abs Error

10 100 1000 10 100 1000
#diseases #diseases

Figurel: Absoluteerrorin likelihood(averagedver mary randomlygeneratedietworks)asafunc-
tion of the numberof diseasaodesfor variousalgorithms.The short-dashetinesarethe KS upper
andlower boundsthesecurvesoverlapin theleft panel) thelong-dashedine is the JJalgorithmand
thesolid linesareMF(0), MF(2) andMF(3) (thelattertwo curvesoverlapin theright panel).

Theresultsareentirely consistentvith thetheoreticalanalysis shaving nearlyexactly the
expectedslopesof -1/2, -1 and-2 on aloglog plot.3 Moreover, the asymptoticresultsare

3The anomalousehaior of the KS lower boundin the secondpanelis dueto the factthatthe
algorithm generallyfinds a vacuouslower boundof 0 in this case,which yields an error which is
essentiallyconstantsa functionof the numberof diseases.



alsopredictive of overall performancethe MF(2) andMF(3) algorithmsperformbestin
all casesMF(0) andJJareroughlyequialent,andKS is theleastaccurate.

4.2 QMR-DT network

We now presentresultsfor the QMR-DT network, in particularfor the four benchmark
CPC casesstudiedby Jaaklola and Jordan(1999). Thesecasesall have fewer than 20
positive findings;thusit is possibleto run the Heckerman(1989)“Quickscore”algorithm
to obtainthetruelik elihood.

Case 16 Case 32

likelihood
likelihood

;Exacﬁly tre;ted fiending7s ’ #Exagctly tre;ted finsdings )
Figure2: Resultsfor CPCcasesl6 and32, for differentnumbersof exactly treatedfindings. The
horizontalline is the true likelihood, the dashedline is JJs estimate,and the lower solid line is
MF(3)'s estimate.
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likelihood
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. s s . . 0
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Figure3: Resultsor CPCcases34 and46. Samelegendasabove.

In JaaklolaandJordan(1999),a hybrid methodologywasproposedn which only aportion
of thefindingsweretreatedapproximatelypxactmethodsvereusedto treattheremaining
findings. Using this hybrid methodology Figures2 and 3 show the resultsof runningJJ
andMF(3) onthesefour cases.

“Theseexperimentswere run usinga versionof the JJalgorithmthat optimizesthe variational
parametergust oncewithout ary findingstreatedexactly, and then usesthesefixed valuesof the
parametershereafter The orderin which findingsare chosento be treatedexactly is basedon JJ's
estimatesasdescribedn Jaaklola andJordan(1999). Missing pointsin the graphsfor casesl 6 and



Theresultsshav the MF algorithmyielding resultsthat are comparablewith the JJalgo-
rithm.

5 Conclusionsand extensionto multilay er networks

This paperhaspresented classof approximateénferencealgorithmsfor graphicalmodels
of theQMR-DT type,suppliedatheoreticabnalysisof convergenceatesverifiedtherates
empirically, andpresenteghromisingempiricalresultsfor the difficult QMR-DT problem.

Although the focus of this paperhasbeentwo-layer networks, the MF(k) family of al-
gorithmscan also be extendedto multilayer networks. For example,considera 3-layer
network with nodesh; beingparentof nodesd; beingparentsof nodesf;. To approximate
Pr[f] using (say) MF(2), we first write Pr[f] asan expectationof a function (F') of the
z;'s, andapproximatethis functionvia a second-ordefaylor expansion.To calculatethe
expectationof the Taylor approximationwe needto calculatetermsin the expansionsuch
asE[d;], E[d;d;] andE[d?]. Whend; hadno parentsthesequantitiesvereeasilyderivedin
termsof the diseaseprior probabilities.Now, they insteaddependon thejoint distribution
of d; andd;, which we useour two-layerversionof MF(k), appliedto thefirst two (b; and
d;) layersof thenetwork, to approximatelt is importantfuturework to carefullystudythe
performancef this algorithmin the multilayer setting.
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