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Abstract

We considertheproblemof reliably choosinga near-beststrategy from
a restrictedclassof strategies

�
in a partially observableMarkov deci-

sionprocess(POMDP).We assumewe aregiventheability to simulate
the POMDP, andstudywhat might be calledthe samplecomplexity —
that is, the amountof dataonemustgeneratein the POMDP in order
to choosea goodstrategy. We prove upperboundson thesamplecom-
plexity showing that, even for infinitely large and arbitrarily complex
POMDPs,the amountof dataneededcan be finite, and dependsonly
linearly on the complexity of the restrictedstrategy class

�
, andexpo-

nentiallyon thehorizontime. This latterdependencecanbe easedin a
variety of ways, including the applicationof gradientand local search
algorithms.Our measureof complexity generalizesthe classicalsuper-
visedlearningnotion of VC dimensionto the settingsof reinforcement
learningandplanning.

1 Introduction

MuchrecentattentionhasbeenfocusedonpartiallyobservableMarkov decisionprocesses
(POMDPs)which have exponentiallyor even infinitely large statespaces.For suchdo-
mains,a numberof interestingbasicissuesarise. As the statespacebecomeslarge, the
classicalway of specifyinga POMDPby tablesof transitionprobabilitiesclearlybecomes
infeasible.To intelligently discussthe problemof planning— that is, computinga good
strategy 1 in agivenPOMDP— compactor implicit representationsof bothPOMDPs,and
of strategiesin POMDPs,mustbe developed. Examplesincludefactorednext-statedis-
tributions[2, 3, 7], andstrategiesderivedfrom functionapproximationschemes[8]. The
trendtowardssuchcompactrepresentations,aswell asalgorithmsfor planningandlearn-
ing usingthem,is reminiscentof supervisedlearning,whereresearchershave longempha-
sizedparametricmodels(suchasdecisiontreesandneuralnetworks)thatcancaptureonly
limited structure,but which enjoy a numberof computationaland information-theoretic
benefits.

Motivatedby theseissues,we considera settingwerewe aregivena generativemodel, or

1Throughout,weusethewordstrategy to meanany mappingfrom observablehistoriesto actions,
whichgeneralizesthenotionof policy in a fully observableMDP.



simulator, for a POMDP, andwish to find a goodstrategy � from somerestrictedclassof
strategies

�
. A generativemodelis a“black box” thatallowsusto generateexperience(tra-

jectories)from differentstatesof ourchoosing.Generativemodelsareanabstractnotionof
compactPOMDPrepresentations,in the sensethat the compactrepresentationstypically
considered(suchasfactorednext-statedistributions)alreadyprovide efficient generative
models.Herewe areimaginingthat thestrategy class

�
is givenby somecompactrepre-

sentationor by somenaturallimitation onstrategies(suchasboundedmemory).Thus,the
view we areadoptingis thateventhoughtheworld (POMDP)maybeextremelycomplex,
we assumethatwe canat leastsimulateor sampleexperiencein theworld (via thegener-
ative model),andwe try to usethis experienceto choosea strategy from some“simple”
class

�
.

Westudythefollowing question:How many callsto agenerativemodelareneededto have
enoughdatato choosea near-beststrategy in the given class? This is analogousto the
questionof samplecomplexity in supervisedlearning— but harder. The addeddifficulty
lies in thereuseof data.In supervisedlearning,everysample�������
	��
��� providesfeedback
abouteveryhypothesisfunction ��	��
� (namely, how close��	��
� is to �
	��
� ). If � is restricted
to lie in somehypothesisclass� , this reusepermitssamplecomplexity boundsthatarefar
smallerthanthesizeof � . For instance,only ��	������
	�� ��� ��� samplesareneededto choose
a near-bestmodel from a finite class � . If � is infinite, thensamplesizesareobtained
thatdependonly onsomemeasureof thecomplexity of � (suchasVC dimension[9]), but
which haveno dependenceon thecomplexity of thetargetfunctionor thesizeof theinput
domain.

In the POMDPsetting,we would like analogoussamplecomplexity boundsin termsof
the“complexity” of thestrategy class

�
— boundsthathaveno dependenceon thesizeor

complexity of thePOMDP. But unlike thesupervisedlearningsetting,experience“reuse”
is not immediatein POMDPs.To seethis,considerthe“straw man”algorithmthat,starting
with some ��� � , usesthe generative modelto generatemany trajectoriesunder � , and
thusformsa MonteCarloestimateof �! "	$#&%'� . It is not clearthat thesetrajectoriesunder� areof muchusein evaluatinga different �)(*� � , since � and �)( mayquickly disagree
on which actionsto take. ThenaiveMonteCarlomethodthusgives ��	�� � � � boundson the
“samplecomplexity,” ratherthan ��	��+�,�"	�� � � ��� , for thefinite case.

In this paper, we shall describethe trajectory tree methodof generating“reusable”tra-
jectories,which requiresgeneratingonly a (relatively) small numberof trajectories— a
numberthat is independentof the state-spacesizeof the POMDP, dependsonly linearly
on a generalmeasureof thecomplexity of thestrategy class

�
, anddependsexponentially

on thehorizontime. This latterdependencecanbeeasedvia gradientalgorithmssuchas
Williams’ REINFORCE [10] andBaird andMoore’s morerecentVAPS [1], andby local
searchtechniques.Our measureof strategy classcomplexity generalizesthenotionof VC
dimensionin supervisedlearningto the settingsof reinforcementlearningandplanning,
andwe give boundsthat recover for thesesettingsthemostpowerful analogousresultsin
supervisedlearning— boundsfor arbitrary, infinite strategy classesthat dependonly on
thedimensionof theclassratherthanthesizeof thestatespace.

2 Preliminaries

We begin with somestandarddefinitions. A Markov decision process (MDP) is a tuple	.-/��# % ��0!�21435	768� #���9:�<;���=>� , where: - is a (possiblyinfinite) state set; # % �?- is a start
state; 0A@B149DC'�&EFE&E2��9:G:; areactions; 35	768� #���9:� givesthenext-statedistributionupontaking
action 9 from state # ; andthe reward function =�	.#���9D� givesthe correspondingrewards.
We assumefor simplicity thatrewardsaredeterministic,andfurtherthatthey arebounded



in absolutevalueby =IH/JLK . A partially observable Markov decision process (POMDP)
consistsof an underlyingMDP and observation distributions M5	�NO� #4� for eachstate # ,
where N is therandomobservation madeat # .
We have adoptedthe commonassumptionof a fixed start state,2 becauseoncewe limit
theclassof strategieswe entertain,theremaynot bea single“best” strategy in theclass—
differentstartstatesmay have differentbeststrategiesin

�
. We alsoassumethat we are

givenaPOMDP P in theform of agenerative model for P that,whengivenasinputany
state-actionpair 	.#���9:� , will outputa state #Q( drawn accordingto 35	L6R� #���9D� , anobservationN drawn accordingto M5	L6R� #4� , andthe reward =�	.#���9D� . This givesus the ability to sample
thePOMDP P in a random-accessway. This definitionmay initially seemunreasonably
generous:the generative model is giving us a fully observablesimulationof a partially
observableprocess.However, thekey pointis thatwemuststill find astrategy thatperforms
well in the partially observablesetting. As a concreteexample,in designingan elevator
controlsystem,wemayhaveaccessto asimulatorthatgeneratesrandomriderarrival times,
andkeepstrackof thewaitingtimeof eachrider, thenumberof riderswaitingateveryfloor
at every time of day, andso on. However helpful this informationmight be in designing
thecontroller, this controllermustonly useinformationaboutwhich floorscurrentlyhave
had their call button pushed(the observables). In any case,readersuncomfortablewith
the power providedby our generative modelsarereferredto Section5, wherewe briefly
describeresultsrequiringonly anextremelyweakform of partiallyobservablesimulation.

At any time S , the agent will have seensome sequenceof observations, N % �&EFE&EF��N4T ,
and will have chosen actions and received rewards for each of the S time
steps prior to the current one. We write its observable history as � @�L	.N4%���9U%,�LVF%4�2�&EFE&E&�Q	�N TXW)C ��9 TXW)C �LV TXW"C �<�Q	�N T � � �L� . Suchobservablehistories,alsocalledtra-
jectories, aretheinputsto strategies.More formally, a strategy � is any (stochastic)map-
ping from observablehistoriesto actions. (For example,this includesapproacheswhich
usethe observablehistory to track the belief state[5].) A strategy class

�
is any setof

strategies.

We will restrictour attentionto thecaseof discountedreturn,3 andwe let YZ�\[ ]^�&_Q� bethe
discountfactor. We definethe ` -horizon time to be a5bc@?������d
	�`4	7_ce\Y)��fhg,=iH/J�Kh� . Note
that returnsbeyond the first a5b -stepscancontribute at most `2fhg to the total discounted
return. Also, let � H/JLK @j= H/J�K fO	7_ie�Y)� boundthevaluefunction. Finally, for a POMDPP anda strategy class

�
, wedefine k�l
m&	$PB� � �*@on�pOq  :rhs �! "	.#F%4� to bethebestexpected

returnachievablefrom #&% using
�

.

Our problemis thus the following: Given a generative model for a POMDP P and a
strategy class

�
, how many calls to thegenerative modelmustwe make, in orderto have

enoughdatato choosea �t� � whoseperformance�! "	$#&%4� approachesk�l
m&	$PB� � � ? Also,
which callsshouldwe maketo thegenerativemodelto achievethis?

3 The Trajectory Tree Method

We now describehow we can usea generative model to create“reusable”trajectories.
For easeof exposition,we assumethereareonly two actions 9 C and 9:u , but our results
generalizeeasilyto any finite numberof actions.(Seethefull paper[6].)

2An equivalentdefinition is to assumea fixeddistribution v over startstates,since w<x canbea
“dummy” statewhosenext-statedistributionunderany actionis v .

3The resultsin this papercanbe extendedwithout difficulty to the undiscountedfinite-horizon
setting[6].



A trajectorytree is a binary treein which eachnodeis labeledby a stateandobservation
pair, and hasa child for eachof the two actions. Additionally, eachlink to a child is
labeledby a reward, and the tree’s depthwill be a b , so it will have about ghy/z nodes.
(In Section4, we will discusssettingswherethis exponentialdependenceon a b canbe
eased.)Eachtrajectorytreeis built asfollows: Theroot is labeledby #F% andtheobservation
there,N4% . Its two childrenarethencreatedby calling thegenerativemodelon 	.#F%���9 C � and	.# % ��9 u � , which givesus the two next-statesreached(say #Q( C and #Q(u respectively), the two
observationsmade(say N'( C and N'(u ), and the two rewardsreceived ( V'(C @{=�	$# % ��9OC2� andV (u @�=�	.#F%���9:uF� ). Then 	.# ( C ��N ( C � and 	.# (u ��N (u � labeltheroot’s 9 C -child and 9Uu -child, andthe
links to thesechildrenarelabeled V'(C and V'(u . Recursively, we generatetwo childrenand
rewardsthisway for eachnodedown to deptha b .
Now for any deterministicstrategy � andany trajectorytree | , � definesa paththrough| : � startsat the root, andinductively, if � is at someinternalnodein | , thenwe feed
to � the observablehistory alongthe path from the root to that node,and � selectsand
movesto a child of thecurrentnode. This continuesuntil a leaf nodeis reached,andwe
define =}	��/�L|I� to be the discountedsumof returnsalongthepathtaken. In the casethat� is stochastic,� definesa distribution on pathsin | , and =�	��/�L|c� is theexpectedreturn
accordingto this distribution. (We will later also describeanothermethodfor treating
stochasticstrategies.) Hence,given ~ trajectorytrees |�C4�FE&E&EF�L|"� , a naturalestimatefor�! "	$# % � is ��! "	$# % �!@ C�o� ���� C =}	��/�L| � � . Note thateachtreecanbe usedto evaluateany
strategy, much the way a single labeledexample �������
	����L� can be usedto evaluateany
hypothesis��	���� in supervisedlearning.Thusin this sense,trajectorytreesarereusable.

Our goal now is to establishuniform convergenceresultsthat boundthe error of the es-
timates ��� "	.# % � asa functionof the “samplesize” (numberof trees) ~ . Section3.1 first
treatstheeasiercaseof deterministicclasses

�
; Section3.2extendstheresultto stochastic

classes.

3.1 The Case of Deterministic
�

Let usbegin by statinga resultfor thespecialcaseof finite classesof deterministicstrate-
gies,which will serve to demonstratethekind of boundwe seek.

Theorem 3.1 Let
�

be any finite classof deterministicstrategies for an arbitrary two-
actionPOMDP P . Let ~ trajectorytreesbecreatedusinga generativemodelfor P , and��! "	$#F%Q� betheresultingestimates.If ~�@��B��	.�^H/JLKUfh`<� u 	������
	�� � � �����+�,��	7_4fh�h�L��� , thenwith

probability _�e�� , � �! "	$#&%4�
e���! "	.#F%4�&�D��` holdssimultaneouslyfor all ��� � .

Due to spacelimitations, detailedproofsof the resultsof this sectionare left to the full
paper[6], but we will try to convey the intuition behindthe ideas. Observe that for any
fixeddeterministic� , theestimates=�	��/�L| � � thataregeneratedby the ~ differenttrajectory
trees| � areindependent.Moreover, each=�	��/�L| � � is anunbiasedestimateof theexpected
discounteda5b -stepreturnof � , which is in turn `2fhg -closeto �� )	$#&%4� . Theseobservations,
combinedwith a simpleChernoff andunion boundargument,aresufficient to establish
Theorem3.1. Ratherthandevelopingthis argumenthere,we insteadmove straighton to
thehardercaseof infinite

�
.

Whenaddressingsamplecomplexity in supervisedlearning,perhapsthe most important
insight is thateventhougha class� maybeinfinite, thenumberof possiblebehaviors of� on a finite setof pointsis oftennot exhaustive. More precisely, for booleanfunctions,
we saythat the set � C �FE&E&E&�L�
� is shattered by � if every of the g � possiblelabelingsof



thesepoints is realizedby some �o��� . The VC dimensionof � is thendefinedasthe
sizeof thelargestshatteredset[9]. It is known thatif theVC dimensionof � is � , thenthe
number� � 	�~�� of possiblelabelingsinducedby � onasetof ~ pointsis atmost 	��Q~�f'�:� � ,
which is muchlessthan g � for ����~ . This factprovidesthekey leverageexploitedby
theclassicalVC dimensionresults,andwe will concentrateon replicatingthis leveragein
oursetting.

If
�

isa(possiblyinfinite) setof deterministicstrategies,theneachstrategy ��� � is simply
a deterministicfunction mappingfrom the setof observablehistoriesto the set 149 C ��9:uh; ,
andis thusa booleanfunctionon observablehistories.We canthereforewrite �I�c	 � � to
denotethe familiar VC dimensionof the setof binary functions

�
. For example,if

�
is

thesetof all thresholdedlinearfunctionsof thecurrentvectorof observations(aparticular
type of memorylessstrategy), then �I�c	 � � simply equalsthe numberof parameters.We
now show intuitively why a class

�
of boundedVC dimension� cannotinduceexhaustive

behavior onaset|�CQ�FE&E&EF�L|"� of trajectorytreesfor ~���� . Notethatif ��Ch�L� u � � aresuch
thattheir “rewardlabelings” �.=�	���C'�L|�C2�2�&EFE&E&��=�	���C'�L|"�>�L� and ��=�	�� u ��|�C2�<�FE&EFE&��=�	�� u ��|"�I�L�
differ, then =}	�� C �L| � �5�@ =�	��¡u��L| � � for some _¢�¤£c�¤~ . But if � C and �¡u give different
returnson | � , thenthey mustchoosedifferentactionsat somenodein | � . In otherwords,
every differentrewardlabelingof thesetof ~ treesyieldsa different(binary) labelingof
thesetof ~¥64ghy/z observablehistoriesin thetrees.So,thenumberof differenttreereward
labelingscanbe at most �¦��	�~{6Dghy z �§�¨	��Q~©6Dghy z f'�:� � . By developingthis argument
carefullyandapplyingclassicaluniform convergencetechniques,we obtainthefollowing
theorem.(Full proof in [6].)

Theorem 3.2 Let
�

be any classof deterministicstrategies for an arbitrary two-action
POMDP P , and let �I�c	 � � denoteits VC dimension.Let ~ trajectorytreesbe created
usinga generativemodelfor P , and ��! "	$# % � betheresultingestimates.If

~ª@�� � 	.�^H/JLKUfh`�� u 	�a5b7�I�c	 � �D�����
	$�OH/J�KUf'`<�)�������¡	7_'f'�h��� � (1)

thenwith probability _�et� , � �� "	.#F%4�«e ��! "	$#F%4�F�:��` holdssimultaneouslyfor all �t� � .

3.2 The Case of Stochastic
�

We now addressthe caseof stochasticstrategy classes.We describean approachwhere
we transformstochasticstrategiesinto “equivalent” deterministiconesandoperateon the
deterministicversions,reducingtheproblemto theonehandledin theprevioussection.The
transformationis asfollows: Givena classof stochasticstrategies

�
, eachwith domain ¬

(where¬ is thesetof all observablehistories),wefirst extendthedomainto be ¬ª­�[ ]^�&_&® .
Now for eachstochasticstrategy ��� � , definea correspondingdeterministictransformed
strategy �)( with domain ¬¯­�[ ]O�&_&® , given by: �)($	.���LVh�Z@°9 C if VA�{±>²O[ �³	$�¡�´@¨9 C ® ,
and �)($	.���LVh��@{9:u otherwise(for any �¤�j¬ , Vo�¥[ ]O�&_&® ). Let

� ( be the collectionof
thesetransformeddeterministicstrategies �)( . Since

� ( is justasetof deterministicboolean
functions,its VC dimensionis well-defined.We thendefinethepseudo-dimensionof the
original setof stochasticstrategies

�
to be qO�I�c	 � �µ@¶�I�I	 � (8� .4

Having transformedthestrategy class,wealsoneedto transformthePOMDP, by augment-
ing the statespace- to be -¶­·[ ]O�F_2® . Informally, the transitionsandrewardsremainthe
same,exceptthataftereachstatetransition,wedraw anew randomvariableV uniformly in[ ]O�&_&® , andindependentlyof all previousevents.Statesarenow of theform 	$#��LVh� , andweletV beanobservedvariable.Whenever in theoriginalPOMDPastochasticstrategy � would

4This is equivalent to the conventionaldefinition of the pseudo-dimensionof ¸ [4], whenit is
viewedasasetof mapsinto real-valuedaction-probabilities.



have beengivena history � , in the transformedPOMDPthe correspondingdeterministic
transformedstrategy �)( is given 	.���LVh� , where V is the [ ]^�&_2® -randomvariableat thecurrent
state.By thedefinitionof �)( , it is easyto seethat �)( and � have exactly thesamechance
of choosingeachactionat any node(randomizationover V ).
We arenow backin thedeterministiccase,soTheorem3.2 applies,with �I�c	 � � replaced
by qO�I�c	 � �µ@¹�I�c	 � (8� , andweagainhave thedesireduniformconvergenceresult.

4 Algorithms for Approximate Planning

Givena generative modelfor a POMDP, theprecedingsection’s resultsimmediatelysug-
gesta classof approximateplanningalgorithms:generate~ trajectorytrees| C �&E&EFE&��| � ,
and searchfor a ��� � that maximizes ��� "	$#F%4��@º	L_4f4~�� � =�	��/�L| � � . The following
corollaryto theuniformconvergenceresultsestablishesthesoundnessof thisapproach.

Corollary 4.1 Let
�

be a classof strategiesin a POMDP P , and let the number ~ of
trajectorytreesbeasgivenin Theorem3.2. Let ���@j»h¼��/½5»'¾  :rhs 1*��� "	$# % ��; bethepolicy
in
�

with the highestempirical return on the ~ trees. Thenwith probability _�e¿� , �� is
near-optimalwithin

�
: ��À 	$#&%4�¦ÁBk�l
mQ	.PB� � �
e\gh`QE (2)

If the suggestedmaximizationis computationallyinfeasible,one can searchfor a local
maximum� instead,anduniformconvergenceagainassuresusthat ��  	$# % � is a trustedes-
timateof ourtrueperformance.Of course,evenfindingalocalmaximumcanbeexpensive,
sinceeachtrajectorytreeis of sizeexponentialin a5b .
However, in practiceit maybepossibleto significantlyreducethecostof thesearch.Sup-
poseweareusingaclassof (possiblytransformed)deterministicstrategies,andweperform
a greedylocal searchover

�
to optimize ��� "	.# % � . Thenat any time in thesearch,to evalu-

atethepolicy we arecurrentlyconsidering,we really needto look at only a singlepathof
length a�b in eachtree,correspondingto the pathtaken by the strategy beingconsidered.
Thus,we shouldbuild the trajectorytreeslazily — that is, incrementallybuild eachnode
of eachtreeonly asit is neededto evaluate=�	��/��| � � for thecurrentstrategy � . If thereare
partsof a treethat arereachedonly by poor policies,thena goodsearchalgorithmmay
neverevenbuild thesepartsof thetree. In any case,for a fixednumberof trees,eachstep
of thelocal searchnow takestime only linear in a b .5
Thereis adifferentapproachthatworksdirectlyonstochasticstrategies(thatis,withoutre-
quiring thetransformationto deterministicstrategies).In this caseeachstochasticstrategy� definesa distribution overall thepathsin a trajectorytree,andthuscalculating=�	��/�L|c�
may in generalrequireexaminingcompletetrees.However, we canview eachtrajectory
treeasa small,deterministicPOMDPby itself, with thechildrenof eachnodein the tree
beingits successornodes.So if

� @�1Q�
ÂÄÃ¡ÅZ�·Æ � ; is a smoothlyparameterizedfamily
of stochasticstrategies,thenalgorithmssuchasWilliam’s REINFORCE [10] canbe used
to find anunbiasedestimateof thegradient 	��Df'��Å��"��! 'Ç,	$# % � , which in turn canbeusedto

5Seealso(Ng andJordan,in preparation)which,byassumingamuchstrongermodelof aPOMDP
(a deterministicfunction È suchthat È
É�wQÊÌËDÊÌÍQÎ is distributedaccordingto Ï>ÉXÐ�Ñ wQÊÌË�Î when Í is dis-
tributedUniform[0,1]), givesanalgorithmthatenjoys uniform convergenceboundssimilar to those
presentedhere,but with only apolynomialratherthanexponentialdependenceon Ò>Ó . Thealgorithm
samplesa numberof vectorsÍhÔÖÕ�×�Ø§Ù ÚhÊ�Û�Ü+Ý z , eachof which,with È , definesan Ò Ó -stepMonteCarlo
evaluationtrial for any policy Þ . Theboundis on thenumberof suchrandomvectorsneeded(rather
thanon thetotalnumberof callsto È ).



performstochasticgradientascentto maximize ��� Ç 	.#F%'� . Moreover, for a fixednumberof
trees,thesealgorithmsneedonly ��	�a5b�� timepergradientestimate;socombinedwith lazy
treeconstruction,we againhave a practicalalgorithmwhoseper-stepcomplexity is only
linear in thehorizontime. This line of thoughtis furtherdevelopedin the long versionof
thepaper.6

5 The Random Trajectory Method

Usinga fully observablegenerativemodelof a POMDP, wehaveshown thatthetrajectory
treemethodgivesuniformly goodvalueestimates,with anamountof experiencelinearin�I�c	 � � , andexponentialin a5b . It turnsout we cansignificantlyweaken the generative
model,yet still obtainessentiallythesametheoreticalresults. In this hardercase,we as-
sumea generative modelthatprovidesonly partially observablehistoriesgeneratedby a
truly randomstrategy (whichtakeseachactionwith equalprobabilityateverystep,regard-
lessof the historyso far). Furthermore,thesetrajectoriesalwaysbegin at the designated
startstate,sothereis no ability providedto “reset” thePOMDPto any stateotherthan # % .
(Indeed,underlyingstatesmayneverbeobserved.)

Our methodfor this hardercaseis calledtheRandomTrajectorymethod.It seemsto lead
lessreadilyto practicalalgorithmsthanthetrajectorytreemethod,andits formal descrip-
tion andanalysis,which is moredifficult than for trajectorytrees,aregiven in the long
versionof this paper[6]. As in Theorem3.2,we prove that theamountof dataneededis
linearin �I�c	 � � , andexponentialin thehorizontime— thatis, by averagingappropriately
over the resultingensembleof trajectoriesgenerated,this amountof datais sufficient to
yield uniformly goodestimatesof thevaluesfor all strategiesin

�
.
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