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Abstract

We considerthe problemof reliably choosinga nearbeststrateyy from
a restrictedclassof stratgyiesII in a partially obsenable Markov deci-
sionprocesyPOMDP).We assumenve aregiventhe ability to simulate
the POMDR and studywhat might be calledthe samplecompleity —
thatis, the amountof dataone mustgeneraten the POMDP in order
to choosea goodstrateyy. We prove upperboundson the samplecom-
plexity shawving that, even for infinitely large and arbitrarily comple
POMDPs,the amountof dataneededcan be finite, and dependsonly
linearly on the complexity of the restrictedstrateyy classII, and expo-
nentially on the horizontime. This latter dependenceanbe easedn a
variety of ways, including the applicationof gradientandlocal search
algorithms. Our measureof compleity generalizeshe classicalsuper
visedlearningnotion of VC dimensionto the settingsof reinforcement
learningandplanning.

1 Introduction

Muchrecentattentionhasbeenfocusedon partially obsenableMarkov decisionprocesses
(POMDPs)which have exponentiallyor even infinitely large statespaces.For suchdo-
mains,a numberof interestingbasicissuesarise. As the statespacebecomedarge, the
classicalway of specifyinga POMDPby tablesof transitionprobabilitiesclearlybecomes
infeasible. To intelligently discussthe problemof planning— thatis, computinga good
stratgy ! in agivenPOMDP— compacbr implicit representationsf bothPOMDPs and
of stratggiesin POMDPs,mustbe developed. Examplesinclude factorednext-statedis-
tributions[2, 3, 7], andstrat@iesderived from function approximationscheme$8]. The
trendtowardssuchcompactrepresentationgswell asalgorithmsfor planningandlearn-
ing usingthem,is reminiscendf supervisedearning whereresearchersave longempha-
sizedparametrianodels(suchasdecisiontreesandneuralnetworks)thatcancaptureonly
limited structure,but which enjoy a numberof computationaland information-theoretic
benefits.

Motivatedby theseissueswe considera settingwerewe aregivena geneative mode| or

Throughoutwe usetheword strategy to meanarny mappingfrom obserablehistoriesto actions,
which generalizeshe notionof policy in afully obsenable MDP.



simulator for aPOMDR andwish to find a goodstratgly = from somerestrictedclassof
stratgyiesIl. A generatvtemodelis a“black box” thatallows usto generatexperiencetra-
jectories)from differentstatesof our choosing Generatie modelsareanabstrachotionof
compactPOMDP representationsn the sensethat the compactrepresentationgypically
consideredsuchasfactorednext-statedistributions) alreadyprovide efficient generatie
models.Herewe areimaginingthatthe strateyy classlI is givenby somecompactrepre-
sentatioror by somenaturallimitation on stratgyies(suchasboundednemory).Thus,the
view we areadoptingis thateventhoughtheworld (POMDP)may be extremelycomple,
we assumehatwe canat leastsimulateor sampleexperiencen the world (via the gener
ative model),andwe try to usethis experienceto choosea stratgy from some“simple”
clasdlII.

We studythefollowing question:How mary callsto ageneratre modelareneededo have

enoughdatato choosea nearbeststratey in the given class? This is analogoudo the

guestionof samplecompleity in supervisedearning— but harder The addeddifficulty

liesin thereuseof data.In supervisedearning,everysample(z, f(z)) providesfeedback
abouteveryhypothesigunctionh(z) (namely how closeh(z) isto f(z)). If hisrestricted
to lie in somehypothesislassH, this reusepermitssamplecomplexity boundghatarefar

smallerthanthe sizeof . For instancepnly O(log(|#|)) samplesareneededo choose
a nearbestmodelfrom afinite class#. If H is infinite, then samplesizesare obtained
thatdependnly on somemeasuref the compleity of H (suchasVC dimension9]), but

which have no dependencenthe compleity of thetargetfunctionor the sizeof theinput

domain.

In the POMDP setting,we would like analogoussamplecompleity boundsin termsof

the“complexity” of the strateyy classIl — boundsthathave no dependencenthesizeor

compleity of the POMDR But unlike the supervisedearningsetting,experiencée‘reuse”

is notimmediateén POMDPs.To seethis, considetthe“straw man”algorithmthat,starting
with somer € II, usesthe generatre modelto generatemary trajectoriesunders, and

thusforms a Monte Carlo estimateof V7 (sq). It is not clearthatthesetrajectoriesunder
« areof muchusein evaluatinga differentn’ € II, sincer and=' may quickly disagree
onwhich actionsto take. The naive Monte CarlomethodthusgivesO(|II|) boundson the

“samplecomplexity,” ratherthanO(log(|II|)), for thefinite case.

In this paper we shall describethe trajectory tree methodof generating‘reusable”tra-
jectories,which requiresgeneratingonly a (relatively) small numberof trajectories— a
numberthatis independenbf the state-spacsize of the POMDP dependsnly linearly
on agenerameasuref the compleity of the strateyy classll, anddepend®xponentially
on the horizontime. This latter dependenceanbe easedvia gradientalgorithmssuchas
Williams’ ReEINFORCE [10] and Baird and Moore’s morerecentVAPS [1], andby local
searchtechniquesOur measuref stratgy classcompleity generalizeshe notionof VC

dimensionin supervisedearningto the settingsof reinforcementearningand planning,
andwe give boundsthatrecover for thesesettingsthe mostpowerful analogougesultsin

supervisedearning— boundsfor arbitrary infinite strateyy classeghat dependonly on

thedimensionof the classratherthanthe sizeof the statespace.

2 Preliminaries

We begin with somestandarddefinitions. A Markov decision process (MDP) is atuple
(S,s0,A,{P(:|s,a)}, R), where: S is a (possiblyinfinite) state set; so € S is a start

state; A = {ay,...,ax} areactions; P(:|s, a) givesthenext-statedistribution upontaking
actiona from states; andthe reward function R(s, a) givesthe correspondingewards.
We assumdor simplicity thatrewardsaredeterministicandfurtherthatthey arebounded



in absolutevalueby R.x. A partially observable Markov decision process (POMDP)
consistsof an underlyingMDP and observation distributions Q(o|s) for eachstates,
whereo is therandomobser vation madeat s.

We have adoptedthe commonassumptiorof a fixed startstate? becauseoncewe limit
the classof strat@ieswe entertaintheremaynotbe a single“best” stratgy in the class—
differentstartstatesmay have differentbeststratgyiesin II. We alsoassumehatwe are
givenaPOMDP M in theform of agenerative mode for M that,whengivenasinputary
state-actiorpair (s, a), will outputa states’ drawvn accordingto P(-|s,a), anobsenation
o drawn accordingto Q(+|s), andthereward R(s, a). This givesusthe ability to sample
the POMDP M in arandom-accesway. This definition may initially seemunreasonably
generous:the generatie modelis giving us a fully obsenable simulationof a partially
obsenableprocessHowever, thekey pointis thatwe muststill find astrateyy thatperforms
well in the partially observablesetting. As a concreteexample,in designingan elevator
controlsystemwe mayhave accesso asimulatorthatgeneratesandonriderarrivaltimes,
andkeepdrackof thewaitingtime of eachrider, thenumberof riderswaiting ateveryfloor
at every time of day, andso on. However helpful this information might be in designing
the controller, this controllermustonly useinformationaboutwhich floors currentlyhave
hadtheir call button pushed(the obsenables). In ary case,readersuncomfortablewith
the power provided by our generatre modelsarereferredto Section5, wherewe briefly
describaesultsrequiringonly anextremelyweakform of partially obsenablesimulation.

At ary time t, the agentwill have seensome sequenceof obsenations, oy, - - ., 04,
and will have chosen actions and receved rewards for each of the ¢ time
steps prior to the current one. We write its observable history as h =
((00,a0,70), - - -, (04—1,a¢—1,7¢—1), (01, -, _)). Suchobsenablehistories,alsocalledtra-
jectories, aretheinputsto strat@ies.More formally, astrategy « is ary (stochasticinap-
ping from obsenable historiesto actions. (For example,this includesapproachesvhich
usethe obsenablehistory to track the belief state[5].) A strategy class II is ary setof
stratgjies.

We will restrictour attentionto the caseof discountedeturn? andwelet~ € [0, 1) bethe
discountfactor We definethe e-horizon time to be H, = log, (¢(1 — 7)/2Rmax). Note
that returnsbeyond the first H,-stepscan contritute at moste/2 to the total discounted
return. Also, let Vipax = Rmax/(1 — ) boundthe valuefunction. Finally, for a POMDP
M andastrat@y classlI, we defineopt (M, II) = sup,.c; V" (s0) to bethebestexpected
returnachievablefrom sy usingIl.

Our problemis thus the following: Given a generatie modelfor a POMDP M anda
stratgyy classlII, how mary callsto the generatre modelmustwe make, in orderto have
enoughdatato choosear € II whoseperformancd/ ™ (sq) approachespt(M,II)? Also,
which calls shouldwe malke to the generatre modelto achieve this?

3 TheTrajectory Tree Method

We now describehow we can usea generatie model to create“reusable”trajectories.
For easeof exposition, we assumehereare only two actionsa; andas, but our results
generalizesasilyto ary finite numberof actions.(Seethefull paper6].)

2An equivalentdefinitionis to assumea fixed distribution D over startstatessinceso canbea
“dummy” statewhosenext-statedistribution underary actionis D.

3The resultsin this papercanbe extendedwithout difficulty to the undiscountedinite-horizon
setting[6].



A trajectorytreeis a binarytreein which eachnodeis labeledby a stateand obsenation
pair, and hasa child for eachof the two actions. Additionally, eachlink to a child is
labeledby a reward, and the tree’s depthwill be H,, soit will have about2< nodes.
(In Section4, we will discusssettingswherethis exponentialdependencen H, canbe
eased.Eachtrajectorytreeis built asfollows: Therootis labeledby sq andtheobsenation
there,op. Its two childrenarethencreatedy calling the generatie modelon (sg, a;) and
(s0,a2), which givesusthe two next-statesreachedsay s} ands, respectrely), the two
obsenationsmade(say o] andoj), andthe two rewardsreceved (r; = R(sp,a1) and
rh = R(sg,a2)). Then(s}, o)) and(s}, 04) labeltheroot’s a;-child anda.-child, andthe
links to thesechildrenarelabeledr] andr}. Recursiely, we generatéwo childrenand
rewardsthis way for eachnodedown to depthH. .

Now for ary deterministicstratgyy = andary trajectorytreeT’, = definesa paththrough
T r startsat the root, andinductively, if = is at someinternalnodein 7', thenwe feed
to 7 the obsenable history alongthe path from the root to that node,and = selectsand
movesto a child of the currentnode. This continuesuntil a leaf nodeis reachedandwe
defineR(w,T) to bethe discountedsumof returnsalongthe pathtaken. In the casethat
w is stochasticyr definesa distribution on pathsin T', and R(w, T') is the expectedreturn
accordingto this distribution. (We will later also describeanothermethodfor treating
stochasticstrat@ies.) Hence,givenm trajectorytreesTy, . .., T,,, a naturalestimatefor
V™ (sq) is V™(sg) = Ly, R(m,T;). Notethateachtreecanbe usedto evaluateany
stratgy, muchthe way a single labeledexample (z, f(z)) canbe usedto evaluateary
hypothesigi(z) in supervisedearning.Thusin this sensetrajectorytreesarereusable

Our goal now is to establishuniform corvemgenceresultsthat boundthe error of the es-
timatesV ™ (so) asa function of the “samplesize” (numberof trees)m. Section3.1 first
treatsthe easiercaseof deterministicclassedI; Section3.2 extendstheresultto stochastic
classes.

3.1 TheCaseof Deterministic IT

Let usbegin by statinga resultfor the specialcaseof finite classe®f deterministicstrate-
gies,whichwill seneto demonstrat¢hekind of boundwe seek.

Theorem 3.1 LetII be any finite classof deterministicstrategiesfor an arbitrary two-
actionPOMDP M. Letm trajectorytreesbe createdusinga genemtivemodelfor M, and

V'™ (s0) betheresultingestimates!f m = O ((Vinax/€)? (log(|TT]) + log(1/4))), thenwith
probability 1 — 4, [V™(sg) — V™ (s0)| < € holdssimultaneouslyor all 7 € II.

Due to spacelimitations, detailedproofs of the resultsof this sectionare left to the full
paper[6], but we will try to corvey the intuition behindthe ideas. Obsene that for ary
fixeddeterministicr, theestimatesk(w, T;) thataregeneratedby them differenttrajectory
treesT; areindependentMoreover, eachR(w, T;) is anunbiasedestimateof the expected
discountedH.-stepreturnof &, whichis in turn e/2-closeto V™ (s¢). Theseobsenations,
combinedwith a simple Chernof and union boundargument,are sufficient to establish
Theorem3.1. Ratherthandevelopingthis agumenthere,we insteadmove straighton to
the hardercaseof infinite II.

Whenaddressingsamplecomplexity in supervisedearning,perhapshe mostimportant
insightis thateventhougha class# may be infinite, the numberof possiblebehavios of
H on afinite setof pointsis often not exhaustve. More precisely for booleanfunctions,
we saythatthe setzy, ..., x4 is shatteed by 7 if every of the 2¢ possiblelabelingsof



thesepointsis realizedby someh € H. The VC dimensionof A is thendefinedasthe
sizeof thelargestshatteredet[9]. It is known thatif the VC dimensionof # is d, thenthe
number®,;(m) of possibldabelingsinducedby # onasetof m pointsis atmost(em/d)¢,
which is muchlessthan2™ for d <« m. This fact providesthekey leverageexploited by
theclassicalVC dimensionresults,andwe will concentrat®n replicatingthis leveragein
our setting.

If IT isa(possiblyinfinite) setof deterministicstratgyies,theneachstratgyy © € I is simply
a deterministicfunction mappingfrom the setof obsenablehistoriesto the set{a;, a2},

andis thusa booleanfunction on obsenablehistories. We canthereforewrite VC(II) to

denotethe familiar VC dimensionof the setof binary functionsII. For example,if II is
thesetof all thresholdedinearfunctionsof the currentvectorof obsenations(a particular
type of memorylessstratgyy), then VC(II) simply equalsthe numberof parametersWe
now shaw intuitively why a classII of boundedvC dimensiond cannotinduceexhaustie
behaior onasetTh, ..., T,, of trajectorytreesfor m > d. Notethatif 7, 7 € II aresuch
thattheir“rewardlabelings™(R(n1,T1), - - -, R(71, Trn)) and(R (w2, T1), - - - , R(m2, T}n))

differ, then R(m1,T;) # R(me,T;) for somel < i < m. Butif m; andr, give different
returnson 73, thenthey mustchoosedifferentactionsat somenodein T;. In otherwords,
every differentreward labelingof the setof m treesyields a different(binary) labeling of

the setof m - 2H< obsenablehistoriesin thetrees.So,the numberof differenttreereward
labelingscanbe at most®,(m - 2H<) < (em - 2H¢/d)¢. By developingthis argument
carefullyandapplyingclassicaluniform corvergencetechniquesye obtainthefollowing

theorem.(Full proofin [6].)

Theorem 3.2 Let II be any classof deterministicstrategies for an arbitrary two-action
POMDP M, andlet VC(II) denoteits VC dimension.Let m trajectorytreesbe created

usinga genemtive modelfor M, and V”(so) betheresultingestimatesif
m = O ((Vinax/€)*(HeVC(II) log(Viax /€) + log(1/4))) )

thenwith probability 1 — &, [V™(so) — V™ (so)| < € holdssimultaneouslyor all 7 € II.

3.2 TheCaseof Stochastic II

We now addresghe caseof stochasticstrategyy classes.We describean approachwhere
we transformstochasticstrategyiesinto “equivalent” deterministiconesandoperateon the
deterministicversionsyreducingheproblemto theonehandledn theprevioussection.The
transformations asfollows: Givena classof stochastistrateiesII, eachwith domainX

(whereX is thesetof all obsenablehistories)we first extendthedomainto be X x [0, 1].

Now for eachstochasticstrateyy = € II, definea correspondingleterministidransformed
stratgy =’ with domain X x [0,1], givenby: «'(h,r) = a1 if r < Pr[r(h) = a1],

andz'(h,r) = ap otherwise(for ary h € X, r € [0,1]). LetII' be the collection of

theseransformedieterministicstratgiess’. Sincell’ is justasetof deterministidoolean
functions,its VC dimensionis well-defined. We thendefinethe pseudo-dimensioaf the

original setof stochastistratgiesII to bepVC(IT) = VC(IT').*

Having transformedhe stratayy classwe alsoneedto transformthe POMDR by augment-
ing the statespaceS to be S x [0,1]. Informally, the transitionsandrewardsremainthe
same gxceptthataftereachstatetransition,we draw anew randomvariabler uniformly in
[0, 1], andindependentlyf all previousevents.Statesarenow of theform (s, ), andwelet
r beanobsenedvariable.Wheneerin theoriginal POMDPa stochastictrateyy = would

“This is equivalentto the conventionaldefinition of the pseudo-dimensionf II [4], whenit is
viewed asa setof mapsinto real-\aluedaction-probabilities.



have beengivena history h, in the transformed®OMDP the correspondingleterministic
transformedstrategyy 7' is given (h, r), wherer is the [0, 1]-randomvariableat the current
state.By the definitionof 7/, it is easyto seethat#’ andn have exactly the samechance
of choosingeachactionat any node(randomizatioroverr).

We arenow backin the deterministiccase,so Theorem3.2 applies,with VC(II) replaced
by pVC(II) = VC(II'), andwe againhave the desireduniform corvergenceresult.

4 Algorithmsfor Approximate Planning

Givenageneratie modelfor a POMDR the precedingsections resultsimmediatelysug-
gesta classof approximateplanningalgorithms: generaten trajectorytreesTy,. .., Ty,
andsearchfor an € II that maximizesV7(so) = (1/m) > R(x,T;). The following
corollaryto the uniform corvergenceresultsestablisheshe soundnessf this approach.

Corollary 4.1 LetII be a classof stratggiesin a POMDP M, and let the numberm of
trajectorytreesbe asgivenin Theoem3.2. Let7 = argma,x,ren{V"(so)} bethe policy
in IT with the highestempirical return on the m trees. Thenwith probability 1 — §, 7 is
nearoptimalwithin IT;

V¥ (s0) > opt(M,TI) — 2. )

If the suggestednaximizationis computationallyinfeasible,one can searchfor a local
maximums instead anduniform convergenceagainassuresisthatV ™ (s) is atrustedes-
timateof ourtrueperformanceOf course gvenfinding alocalmaximumcanbeexpensve,
sinceeachtrajectorytreeis of sizeexponentialin H..

However, in practiceit maybe possibleto significantlyreducethe costof the search Sup-
poseweareusingaclassof (possiblytransformedyieterministicstratgies,andwe perform
agreedylocal searchoverII to optimizef/”(so). Thenatary timein the searchto evalu-
atethe policy we arecurrentlyconsideringwe really needto look at only a single pathof
length H, in eachtree,correspondindo the pathtaken by the stratgy beingconsidered.
Thus,we shouldbuild the trajectorytreeslazily — thatis, incrementallybuild eachnode
of eachtreeonly asit is neededo evaluateR(w, T;) for thecurrentstratey =. If thereare
partsof a treethat arereachedonly by poor policies,thena good searchalgorithm may
never evenbuild thesepartsof thetree. In any case for a fixed numberof trees,eachstep
of thelocal searchnow takestime only linear in H, .5

Thereis adifferentapproachihatworksdirectly on stochastistratgies(thatis, without re-
quiring thetransformatiorto deterministicstratgies). In this caseeachstochasticstratgy
« definesadistribution over all the pathsin atrajectorytree,andthuscalculatingR(w, T')

may in generalrequireexaminingcompletetrees. However, we canview eachtrajectory
treeasa small, deterministicPOMDP by itself, with the childrenof eachnodein thetree
beingits successonodes.Soif T = {7y : # € R?} is a smoothlyparameterizedamily
of stochasticstratgies,thenalgorithmssuchasWilliam’s REINFORCE [10] canbe used

to find an unbiasedestimateof the gradient(d/d#) V™ (s, ), which in turn canbe usedto

5Seealso(Ng andJordanijn preparationyvhich, by assumingamuchstrongemodelof aPOMDP
(a deterministicfunction f suchthat f(s, a,r) is distributedaccordingto P(-|s,a) whenr is dis-
tributedUniform[0,1]), givesanalgorithmthatenjoys uniform corvergenceboundssimilar to those
presentedhere but with only apolynomialratherthanexponentialdependencen H.. Thealgorithm
samplesa numberof vectorsr® e [0, I]HE, eachof which,with f, definesan H,-stepMonte Carlo
evaluationtrial for ary policy w. Theboundis on thenumberof suchrandomvectorsneededrather
thanon thetotal numberof callsto f).



performstochastigradientascento maximizeV ™ (s,). Moreover, for afixed numberof
treesthesealgorithmsneedonly O(H,) time pergradientestimate socombinedwith lazy
tree constructionwe againhave a practicalalgorithmwhoseperstepcompleity is only
linear in the horizontime. This line of thoughtis further developedin thelong versionof
the paper®

5 TheRandom Trajectory Method

Usingafully obsenablegeneratie modelof aPOMDR we have shavn thatthetrajectory
treemethodgivesuniformly goodvalueestimateswith anamountof experiencdinearin
VC(II), and exponentialin H.. It turnsout we cansignificantly wealen the generatie
model, yet still obtainessentiallythe sametheoreticalresults. In this hardercasewe as-
sumea generatie modelthat providesonly partially observablehistoriesgeneratedy a
truly randomstrateyy (which takeseachactionwith equalprobabilityat every step,regard-
lessof the history sofar). Furthermorethesetrajectoriesalwaysbegin at the designated
startstate sothereis no ability providedto “reset”the POMDP1to ary stateotherthansy.
(Indeed,underlyingstatesmay never be obsened.)

Our methodfor this hardercases calledthe RandomTrajectorymethod.It seemgo lead
lessreadilyto practicalalgorithmsthanthetrajectorytree method,andits formal descrip-
tion and analysis,which is more difficult thanfor trajectorytrees,are givenin the long

versionof this paper[6]. Asin Theorem3.2, we prove thatthe amountof dataneededs

linearin VC(II), andexponentialin thehorizontime — thatis, by averagingappropriately
over the resultingensembleof trajectoriesgeneratedthis amountof datais sufficient to

yield uniformly goodestimateof the valuesfor all stratgyiesin II.
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