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Abstract

We proposea new approachto the problem of searchinga spaceof
stochasticcontrollersfor aMarkov decisionprocess(MDP) or apartially
observableMarkov decisionprocess(POMDP).Following severalother
authors,our approachis basedon searchingin parameterizedfamilies
of policies(for example,via gradientdescent)to optimizesolutionqual-
ity. However, ratherthan trying to estimatethe valuesandderivatives
of a policy directly, we do so indirectly usingestimatesfor the proba-
bility densitiesthat the policy induceson statesat the differentpoints
in time. This enablesour algorithmsto exploit themany techniquesfor
efficient androbust approximatedensitypropagationin stochasticsys-
tems.We show how our techniquescanbeappliedbothto deterministic
propagationschemes(wheretheMDP’sdynamicsaregivenexplicitly in
compactform,) andto stochasticpropagationschemes(wherewe have
accessonly to agenerativemodel,or simulator, of theMDP). Wepresent
empiricalresultsfor bothof thesevariantson complex problems.

1 Introduction

In recentyears,therehasbeengrowing interestin algorithmsfor approximateplanning
in (exponentiallyor even infinitely) large Markov decisionprocesses(MDPs) and par-
tially observableMDPs (POMDPs). For suchlarge domains,the valueand

�
-functions

aresometimescomplicatedanddifficult to approximate,eventhoughtheremaybesimple,
compactlyrepresentablepolicieswhichperformverywell. Thisobservationhasled to par-
ticular interestin directpolicy search methods(e.g.,[9, 8, 1]), which attemptto choosea
goodpolicy from somerestrictedclass� of policies.In oursetting,���������
	��������� is
a classof policiessmoothlyparameterizedby ������ . If thevalueof � � is differentiable
in � , thengradientascentmethodsmay be usedto find a locally optimal � � . However,
estimatingvaluesof ��� (andtheassociatedgradient)is oftenfar from trivial. Onesimple
methodfor estimating��� ’s valueinvolvesexecutingoneor moreMonteCarlotrajectories
using � � , andthentakingtheaverageempiricalreturn;clevereralgorithmsexecutingsin-
gle trajectoriesalsoallow gradientestimates[9, 1]. Thesemethodshavebecomeastandard
approachto policy search,andsometimeswork fairly well.

In this paper, we proposea somewhatdifferentapproachto this value/gradientestimation
problem.Ratherthanestimatingthesequantitiesdirectly, we estimatetheprobabilityden-
sity overthestatesof thesysteminducedby � � atdifferentpointsin time. Thesetimeslice



densitiescompletelydeterminethevalueof thepolicy � � . While densityestimationis not
aneasyproblem,wecanutilize existingapproachesto densitypropagation[3, 5], whichal-
low usersto specifyprior knowledgeaboutthedensities,andwhichhavealsobeenshown,
boththeoreticallyandempirically, to provide robustestimatesfor time slicedensities.We
show how directpolicy searchcanbeimplementedusingthis approachin two very differ-
entsettingsof theplanningproblem:In thefirst, wehaveaccessto anexplicit modelof the
systemdynamics,allowing usto provideanexplicit algebraicoperatorthatimplementsthe
approximatedensitypropagationprocess.In thesecond,we have accessonly to a genera-
tivemodelof thedynamics(which allowsusonly to samplefrom, but doesnot providean
explicit representationof, next-statedistributions). We show how both of our techniques
canbecombinedwith gradientascentin orderto performpolicy search,asomewhatsubtle
argumentin thecaseof thesampling-basedapproach.Wealsopresentempiricalresultsfor
bothvariantsin complex domains.

2 Problem description

A Markov DecisionProcess(MDP) is a tuple �����������! "�!#$�!%'& where:1 � is a (possibly
infinite) setof states;� � (� is a start state;  is a finite setof actions; # is a reward
function #)	*�,+- . /0�1#32547698 ; % is a transition model %:	3�<;= >+- ?$@ , suchthat%
���BADC����!EF& givestheprobabilityof landingin state�BA upontakingaction E in state� .
A stochasticpolicy is amap ��	��G+-H?$I , where�J�KE�CL�9& is theprobabilityof takingactionE in state� . Therearemany waysof definingapolicy � ’s “quality” or value. For ahorizonM

anddiscountfactor N , thefinite horizondiscountedvaluefunction OQPSR TU. �U8 is definedbyO0��R T�. �U8V���9&W�X#$�Y�9&UZQO0[]\_^�R TU. �U8V���9&W�X#`���9&baGN*cedD�J��E�CL�9&QcefVgL%
�Y�BADCL���!EF&hOQ[iR TU. �U8V���BAj& .
For aninfinite statespace(hereandbelow), thesummationis replacedby anintegral. We
cannow defineseveral optimality criteria. The finite horizon total reward with horizonM

is OQPk. �U8l�mOSPSR ^L. �U8V�����9& . The infinite horizon discountedreward with discount Nonp
is OQT�. �U8`�rqtsvu
P�w'xyOSPSR T�. �U8V�����9& . The infinite horizon average reward is Oz4h{7|F. �U8`�qvstu PUw'x ^P O PSR ^ . �U8V��� � & , wherewe assumethatthelimit exists.

Fix an optimality criterion O . Our goal is to find a policy thathasa high value. As dis-
cussed,weassumewehavearestrictedset � of policies,andwish to selecta good �}~� .
We assumethat ������� � C��������� is a setof policiesparameterizedby ������ , and
that ���U�KE�CF�9& is continuouslydifferentiablein � for each���1E . As a very simpleexample,
we mayhavea one-dimensionalstate,two-actionMDP with “sigmoidal” � � , suchthatthe
probabilityof choosingaction E�� at state� is � � �KE���C9�U&W� p�� � p a����F�D�h�5��^���������&h& .
Note that this framework alsoencompassescaseswhereour family � consistsof policies
thatdependonly on certainaspectsof thestate.In particular, in POMDPs,we canrestrict
attentionto policiesthatdependonly on theobservables.This restrictionresultsin a sub-
classof stochasticmemory-freepolicies. By introducingartificial “memorybits” into the
processstate,we canalsodefinestochasticlimited-memorypolicies.[6]

Each � hasa value O�. �Q8��eOl. �S��8 , asspecifiedabove. To find thebestpolicy in � , we can
searchfor the � thatmaximizesO�. �S8 . If we cancomputeor approximateOl. �Q8 , thereare
many algorithmsthat canbe usedto find a local maximum. Some,suchasNelder-Mead
simplex search (not to beconfusedwith thesimplex algorithmfor linearprograms),require
only theability to evaluatethe functionbeingoptimizedat any point. If we cancompute
or estimateOl. �S8 ’s gradientwith respectto � , wecanalsouseavarietyof (deterministicor
stochastic)gradientascentmethods.

1We write rewardsas ���K��� ratherthan ���K�9�i��� , andassumea single start stateratherthanan
initial-statedistribution, only to simplify exposition; theseandseveral otherminor extensionsare
trivial.



3 Densities and value functions

Most optimizationalgorithmsrequiresomemethodfor computing Ol. �08 for any � (and
sometimesalsoits gradient). In many real-life MDPs,however, doingsoexactly is com-
pletelyinfeasible,dueto thelargeor eveninfinite numberof states.Here,wewill consider
anapproachto estimatingthesequantities,basedon a density-basedreformulationof the
valuefunctionexpression.A policy � inducesa probabilitydistribution over thestatesat
eachtime � . Letting �D� ��� be the initial distribution (giving probability1 to ��� ), we define
thetimeslicedistributionsvia therecurrence:

� � []\z^7� �Y� A &J��  f � �
[]� ���9&Q  d �J�KE�CL�9&7%
�Y� A CL���!EF& (1)

It is easyto verify that the standardnotionsof valuedefinedearliercanreformulatedin
termsof �b� []� ; e.g., OQPSR TU. �U8V������&�� c P[]¡�� N [ ���D� []��¢ #*& , where ¢ is thedot-productoperation
(equivalently, the expectationof # with respectto �D� []� ). Somewhat moresubtly, for the
caseof infinite horizonaveragereward,we have that O d¤£�¥ . �U8J�¦�D� x*�J¢ # , where �D� x*� is
thelimiting distributionof (1), if oneexists.

This reformulationgivesusanalternativeapproachto evaluatingthevalueof a policy � � :
we first computethetime slicedensities�D� []� (or �D� x'� ), andthenusethemto computethe
value. Unfortunately, that modification,by itself, doesnot resolve the difficulty. Repre-
sentingandcomputingprobabilitydensitiesover largeor infinite spacesis oftenno easier
thanrepresentingandcomputingvaluefunctions.However, several results[3, 5] indicate
that representingand computinghigh-quality approximatedensitiesmay often be quite
feasible. The generalapproachis an approximatedensitypropagationalgorithm, using
time-slicedistributionsin somerestrictedfamily § . For example,in continuousspaces,§
might bethesetof multivariateGaussians.

The approximatepropagationalgorithmmodifiesequation(1) to maintainthe time-slice
densitiesin § . More precisely, for a policy �S� , we canview (1) asdefiningan operator¨ . �08 that takesonedistribution in ? @ and returnsanother. For our currentpolicy ���9© ,
we canrewrite (1) as: �D� []\z^!� � ¨ . �S��8V���D� []� & . In mostcases,§ will not be closedunder¨

; approximatedensitypropagationalgorithmsusesomealternative operator ª¨ , with the
propertiesthat,for ��~§ : (a) ª¨ ���U& is alsoin § , and(b) ª¨ ���U& is (hopefully)closeto

¨ ���U& .
We use ª¨ . �Q8 to denotethe approximationto

¨ . �Q8 , and ª�b� []� to denote � ª¨ . �Q8]&�� []� �Y�b� �1� & . If
ª¨ is selectedcarefully, it is often the casethat ª�D� []� is closeto �D� []� . Indeed,a standard
contractionanalysisfor stochasticprocessescanbeusedto show:

Proposition 1 Assumethat for all � , « ¨ � ª�b� []� &�� ª¨ � ª�b� []� &�« ^�¬® . Thenthere existssome
constant̄ such that for all � , «_ª�D� []� �G�D� []� « ^°¬± � ¯ .
In somecases,̄ might bearbitrarily small, in which casethepropositionis meaningless.
However, therearemany systemswhere ¯ is reasonable(andindependentof  ) [3]. Fur-
thermore,empiricalresultsalsoshow thatapproximatedensitypropagationcanoftentrack
theexacttimeslicedistributionsquiteaccurately.

Approximatetrackingcannow beappliedto our planningtask.Givenanoptimality crite-
rion O expressedwith �D� []� s,wedefineanapproximation ªO to it by replacingeach�D� []� with
ª�D� []� , e.g., ªO PSR T . �U8V��� � &��²c P[]¡�� N [ ª�b� []�³¢ # . Accuracy guaranteeson approximatetracking
inducecomparableguaranteeson the valueapproximation;from this, guaranteeson the
performanceof a policy �J´� foundby optimizing ªO arealsopossible:

Proposition 2 Assumethat, for all � , wehavethat «_ª�D� []� ���b� []� « ^�¬=µ . Thenfor each fixedM �hN : C OSPSR TU. �U8V�����9&_� ªOSPQR T�. �U8i�Y���9&�C��X¶`� µ & .



Proposition 3 Let ��·(�¹¸Lº1»³u
¸�� � O�. �Q8 and ª�¼�½¸�º!»Ju
¸L� � ªOl. �08 . If u
¸�� � C Ol. �S8k�
ªOl. �Q8VC ¬= , then Ol. � · 8��}O�.�ª�Q8 ¬y¾L .
4 Differentiating approximate densities

In this sectionwe discusstwo very different techniquesfor maintainingan approximate
density ª�D� []� usinganapproximatepropagationoperator ª¨ , andshow whenandhow they
canbecombinedwith gradientascentto performpolicy search.In general,wewill assume
that § is a family of distributionsparameterizedby ¿==�zÀ . For example,if § is the set
of Á -dimensionalmultivariateGaussianswith diagonalcovariancematrices,¿ would bea¾ Á -dimensionalvector, specifyingthemeanvectorandthecovariancematrix’sdiagonal.

Now, considerthe task of doing gradientascentover the spaceof policies, using some
optimality criterion ªO , say ªO PSR T . �Q8 . Dif ferentiatingit relative to � , we get Â$� ªO PSR T . �Q8Ã�
c P[]¡�� N [�Ä ´ÅLÆÈÇvÉÄ � ¢ # . To avoid introducingnew notation,we alsouse ª� � []� to denotethe as-
sociatedvectorof parameters¿��� À . Theseparametersarea function of � . Hence,the
internalgradienttermis representedby an ÊJ;*Ë Jacobianmatrix,with entriesrepresenting
thederivativeof a parameterÌ�Í relative to a parameter��Î . This gradientcanbecomputed
usingasimplerecurrence,basedon thechainrule for derivatives:

Á ª�D� []\z^!�
ÁÏ� �Y� � &J� Á

ÁÏ� ª
¨ . � � 8i�Ïª� � []� &W�oÐ ª

¨
Ð �
�Y� � ��ª� � []� &Da<Ð ª

¨
Ð ª�
�Y� � �Uª� � []� & ¢ Á ª�D� []�ÁÏ� ��� � &�Ñ (2)

Thefirst summand(an Ê³;3Ë Jacobian)is thederivativeof thetransitionoperator ª¨ relative
to the policy parameters� . The secondis a productof two terms: the derivative of ª¨
relative to thedistributionparameters,andtheresultof thepreviousstepin therecurrence.

4.1 Deterministic density propagation

Considera transitionoperator̈ (for simplicity, weomit thedependenceon � ). Theideain
thisapproachis to try to get ª¨ � ª��& to beascloseaspossibleto

¨ � ª��& , subjectto theconstraint
that ª¨ � ª��&3}§ . Specifically, we definea projectionoperator Ò that takesa distribution Ó
not in § , andreturnsa distribution in § which is closest(in somesense)to Ó . We then
define ª¨ �Ïª��&$�ÔÒW� ¨ ��ª��&h& . In order to ensurethat gradientdescentappliesin this setting,
we needonly ensurethat Ò and

¨
aredifferentiablefunctions. Clearly, therearemany

instantiationsof this ideafor which thisassumptionholds.We providetwo examples.

Considera continuous-stateprocesswith nonlineardynamics,where
¨

is a mixture of
conditional linear Gaussians.We can define § to be the set of multivariateGaussians.
The operator Ò takes a distribution (a mixture of gaussians)Ó and computesits mean
andcovariancematrix. This can be easily computedfrom Ó ’s parametersusingsimple
differentiablealgebraicoperations.

A very differentexampleis the algorithmof [3] for approximatedensitypropagationin
dynamicBayesiannetworks(DBNs). A DBN is a structuredrepresentationof a stochastic
process,thatexploitsconditionalindependencepropertiesof thedistribution to allow com-
pactrepresentation.In a DBN, thestatespaceis definedasa setof possibleassignmentsÕ to a setof randomvariablesÖ�^���Ñ�Ñ�Ñb�hÖ
× . Thetransitionmodel %
� Õ A�C Õ & is described
usinga Bayesiannetwork fragmentover the nodes�BÖl^���Ñ�Ñ�Ñ��hÖ
×U�!Ö�A^ ��Ñ�Ñ�Ñ��hÖ�A× � . A node

Ö Í representsÖ � []�Í and Ö�AÍ representsÖ � []\z^h�Í . The nodesÖ Í in the network are forced
to be roots(i.e., have no parents),andarenot associatedwith conditionalprobabilitydis-
tributions. Eachnode Ö�AÍ is associatedwith a conditionalprobability distribution (CPD),
which specifies%
�]Ö�AÍ C Parents�KÖ�AÍ &h& . Thetransitionprobability %
��Ø A C�ØÙ& is definedas



Ú Í %
�]Ö�AÍ C Parents�KÖ�AÍ &h& . DBNs supporta compactrepresentationof complex transition
modelsin MDPs [2]. We canextendthe DBN to encodethe behavior of an MDP with a
stochasticpolicy � by introducinga new randomvariable  representingtheactiontaken
at thecurrenttime. Theparentsof  will bethosevariablesin thestateonwhichtheaction
is allowedto depend.TheCPDof  (which maybecompactlyrepresentedwith function
approximation)is thedistributionoveractionsdefinedby � for thedifferentcontexts.

In discreteDBNs, thenumberof statesgrowsexponentiallywith thenumberof statevari-
ables,makinganexplicit representationof a joint distribution impractical.Thealgorithm
of [3] defines§ to be a setof distributionsdefinedcompactlyasa setof marginalsover
smallerclustersof variables.In the simplestexample, § is the setof distributionswhereÖ ^ ��Ñ�Ñ�Ñ��!Ö × areindependent.TheparametersÌ definingadistribution in § aretheparam-
etersof Û multinomials.TheprojectionoperatorÒ simply marginalizesdistributionsonto
theindividual variables,andis differentiable.Oneusefulcorollaryof [3]’s analysisis that
the decayrateof a structured ª¨ over § canoften be muchhigher thanthe decayrateof¨

, sothatmultiple applicationsof ª¨ canconvergevery rapidly to astationarydistribution;
this propertyis veryusefulwhenapproximating� � x*� to optimizerelative to Oz4h{7| .
4.2 Stochastic density propagation

In many settings,theassumptionthatwe have directaccessto
¨

is too strong.A weaker
assumptionis that we have accessto a generative model— a black box from which we
cangeneratesampleswith theappropriatedistribution; i.e., for any ���!E , we cangenerate
samples�BA from %
���BAÜC3���!EF& . In this case,we usea different approximationscheme,
basedon [5]. The operator ª¨ is a stochasticoperator. It takes the distribution ª� , and
generatessomenumberof randomstatesamples�BÍ from it. Then, for each �BÍ andeach
action E , we generatea sample� AÍ from thetransitiondistribution %
� ¢ C�� Í �!EF& . This sampleÝ �BÍ!�!EÏÍ7���BAÍYÞ is thenassigneda weight ß5Ík�à� � ��E�Í�CF��Íi& , to compensatefor thefact thatnot
all actionswould have beenselectedby � � with equalprobability. Theresultingsetof á
samples� AÍ weightedby the ß Í s is given asinput to a statisticaldensityestimator, which
usesit to estimatea new density ª�SA . We assumethat thedensityestimationprocedureis a
differentiablefunctionof theweights,oftena reasonableassumption.

Clearly, this ª¨ canbeusedto compute ª�D� []� for any � , andtherebyapproximate�S� ’s value.
However, thegradientcomputationfor ª¨ is far from trivial. In particular, to computethe
derivative Ð ª

¨ �
Ð ª� , we mustconsider ª¨ ’s behavior for someperturbed ª� � []�^ otherthanthe

one(say, ª� � []�� ) to which it wasappliedoriginally. In this case,an entirelydifferentsetof
sampleswould probablyhave beengenerated,possiblyleadingto a very differentdensity.
It is hardto seehow onecoulddifferentiatetheresultof this perturbation.We proposean
alternative solutionbasedon importancesampling. Ratherthanchangethe samples,we
modify their weightsto reflectthechangein theprobability that they would begenerated.
Specifically, whenfitting ª� � []\z^7�^ , we now definea sample

Ý �BÍ!�!EÏÍ!�1�BAÍ Þ ’s weightto be

ß5Í1��ª� � []�^ ���U&W� ª� � []�^ �Y�BÍY&7� � �KEÏÍWCL�BÍi&
ª� � []�� ��� Í & Ñ (3)

We cannow compute ª¨ ’s derivativesat �Y� � ��ª� � []�� & with respectto any of its parameters,as
requiredin (2). Let â bethevectorof parameters���z�7¿S& . Usingthechainrule,we have

Ð ª
¨ . �Q8V��ª��&
Ð â

��Ð ª
¨ . �S8V��ª��&
ÐSã

¢ Ð�ã
Ð â
Ñ

Thefirst term is thederivative of theestimateddensityrelative to thesampleweights(anÊ3;�á matrix). Thesecondis thederivativeof theweightsrelative to theparametervector
(an áä;}�]Ë�a}Ê�& Jacobian),which caneasilybecomputedfrom (3).
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Figure1: Driving task:(a)DBN model;(b) policy-search/optimizationresults(with 1 s.e.)

5 Experimental results

We testedour approachin two very different domains. The first is an average-reward
DBN-MDP problem(shown in Figure1(a)),wherethetaskis to find apolicy for changing
laneswhendriving on a moderatelybusy two-lanehighway with a slow laneanda fast
lane. Themodelis basedon the BAT DBN of [4], theresultof a separateeffort to build a
goodmodelof driverbehavior. For simplicity, weassumethatthecar’sspeedis controlled
automatically, soweareconcernedonly with choosingtheLateral Action– changelaneor
drivestraight. Theobservablesareshown in thefigure:LClr andRClr aretheclearanceto
thenext car in eachlane(close, mediumor far). Theagentpaysa costof 1 for eachstep
it is “blocked” by (meaningdriving closeto) the car to its front; it paysa penaltyof 0.2
perstepfor stayingin thefastlane.Policiesarespecifiedby actionprobabilitiesfor the18
possibleobservationcombinations.Sincethis is a reasonablysmallnumberof parameters,
we usedthesimplex searchalgorithmdescribedearlierto optimize ªOl. �Q8 .
Theprocessmixedquitequickly, so ª�D� �h��� wasafairly goodapproximationto ª�D� x'� . § used
a fully factoredrepresentationof the joint distribution exceptfor a singleclusterover the
threeobservables.Evaluationsareaveragesof 300Monte Carlo trials of 400stepseach.
Figure1(b) shows theestimatedandactualaveragerewards,asthe policy parametersare
evolved over time. The algorithmimprovedquickly, converging to a very naturalpolicy
with the car generallystayingin the slow lane,andswitchingto the fast laneonly when
necessaryto overtake.

In our secondexperiment,we usedthe bicycle simulatorof [7]. Thereare9 actionscor-
respondingto leaning left/center/rightand applying negative/zero/positive torqueto the
handlebar;thesix-dimensionalstateusedin [7] includesvariablesfor thebicycle’s tilt an-
gleandorientation,andthehandlebar’sangle.If thebicycle tilt exceeds� �Ïp9å , it fallsover
andentersanabsorbingstate.We usedpolicy searchoverthefollowing space:weselected
twelve (simple,manuallychosenbut not fine-tuned)featuresof eachstate;actionswere
chosenwith asoftmax— theprobabilityof takingactionEÏÍ is ���F�b� Õ ¢ ã Íi&

� c Î ���F�D� Õ ¢ ã ÎB& .As the problemonly comeswith a generative modelof thecomplicated,nonlinear, noisy
bicycle dynamics,we usedthe stochasticdensitypropagationversionof our algorithm,
with (stochastic)gradientascent.Eachdistribution in § wasa mixtureof a singletonpoint
consistingof theabsorbing-state,andof a 6-D multivariateGaussian.



The first task in this domainwas to balancereliably on the bicycle. Using a horizonofM � ¾ /�/ , discountN��</QÑ æ�æ å , and600 �BÍ samplesperdensitypropagationstep,this was
quickly achieved. Next, trying to learnto ride to a goal2 10min radiusand1000maway,
it alsosucceededin finding policiesthatdo soreliably. Formalevaluationis difficult, but
this is a sufficiently hardproblemthatevenfindinga solutioncanbeconsidereda success.
Therewasalsosomeslight parametersensitivity (andthebestresultswereobtainedonly
with ª�D� ��� picked/fitwith somecare,usingin partdatafrom earlierandlesssuccessfultrials,
to be“representative” of a fairly goodrider’s statedistribution,) but usingthis algorithm,
wewereableto obtainsolutionswith medianriding distancesunder1.1kmto thegoal.This
is significantlybetterthantheresultsof [7] (obtainedin the learningratherthanplanning
setting,andusinga value-functionapproximationsolution),which reportedmuchlarger
riding distancesto thegoalof about7km,anda single“best-ever” trial of about1.7km.

6 Conclusions

We have presentedtwo new variantsof algorithmsfor performingdirect policy searchin
the deterministicandstochasticdensitypropagationsettings.Our empirical resultshave
alsoshown thesemethodsworking well on two largeproblems.
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