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Abstract

First-order Markov models have been successfully apptiedany prob-
lems, for example in modeling sequential data using Markwairts, and
modeling control problems using the Markov decision prees{MDP)
formalism. If a first-order Markov model's parameters arénested
from data, the standard maximum likelihood estimator adersi only
the first-order (single-step) transitions. But for manyhpems, the first-
order conditional independence assumptions are not sdtisfind as a re-
sult the higher order transition probabilities may be ppagproximated.
Motivated by the problem of learning an MDP’s parameterscfntrol,
we propose an algorithm for learning a first-order Markov gldldat ex-
plicitly takes into account higher order interactions dgrtraining. Our
algorithm uses an optimization criterion different fromximaum likeli-
hood, and allows us to learn models that capture longer reffigets, but
without giving up the benefits of using first-order Markov reted Our
experimental results also show the new algorithm outperifog conven-
tional maximum likelihood estimation in a number of contpobblems
where the MDP’s parameters are estimated from data.

1 Introduction

First-order Markov models have enjoyed numerous succ@sseany sequence modeling
and in many control tasks, and are now a workhorse of mackmmihg! Indeed, even
in control problems in which the system is suspected to haddeh state and thus be
non-Markov, a fully observed Markov decision process (MDYel is often favored over
partially observable Markov decision process (POMDP) ngdence it is significantly
easier to solve MDPs than POMDPs to obtain a controller. [5]

When the parameters of a Markov model are not known a priai;, #re often estimated
from data using maximum likelihood (ML) (and perhaps smo@h However, in many
applications the dynamics are not truly first-order Marlaow! the ML criterion may lead to
poor modeling performance. In particular, we will show ttieg ML model fitting criterion
explicitly considers only the first-order (one-step) tidioas. If the dynamics are truly
governed by a first-order system, then the longer-rangeaictiens would also be well
modeled. But if the system is not first-order, then intemaxdion longer time scales are
often poorly approximated by a model fit using maximum likethd. In reinforcement
learning and control tasks where the goal is to maximize oogiterm expected rewards,
the predictive accuracy of a model on long time scales caa aaignificant impact on the
attained performance.

1To0 simplify the exposition, in this paper we will consider only first-order ktarmodels. How-
ever, the problems we describe in this paper also arise with higher omigelsnand with more
structured models (such as dynamic Bayesian networks [4, 10] aretimiemory Markov mod-
els [8, 14]), and it is straightforward to extend our methods and algositorthese models.



As a specific motivating example, consider a system whosardigs are governed by
a random walk on the integers. Lettirffj denote the state at time we initialize the
system toS, = 0, and letS; = S;_1 + e, where the increments, € {-1,+1} are
equally likely to be—1 or +1. Writing S; in terms of only thes,'s, we haveS; = ¢, +
.-+ + & Thus, if the increments are independent, we h¥ue(Sr) = T. However
if the increments are perfectly correlated (so= 2 = --- with probability 1), then
Var(St) = T?. So, depending on the correlation between the incrememsexpected

valueE[|Sr|] can be eithe©(v/T) or O(T). Further, regardless of the true correlation in
the data, using maximum likelihood (ML) to estimate the miqaeameters from training

data would return the same model WiRSr|] = O(V/T).

To see how these effects can lead to poor performance on ettagk, consider learning
to control a vehicle (such as a car or a helicopter) undeudiahces; due to very strong
winds. The influence of the disturbances on the vehicle'gipaover one time step may be
small, but if the disturbances are highly correlated, their cumulative effect over tima ca
be substantial. If our model completely ignores these taioms, we may overestimate
our ability to control the vehicle (thinking our variance fisition isO(T) rather than
O(T?)), and try to follow overly narrow/dangerous paths.

Our motivation also has parallels in the debate on usingidigtative vs. generative al-

gorithms for supervised learning. There, the consensssif@ag there is ample training
data) seems to be that it is usually better to directly minéthe loss with respect to the
ultimate performance measure, rather than an intermeldissefunction such as the like-
lihood of the training data. (See, e.g., [16, 9].) This isdaexe the model (no matter how
complicated) is almost always not completely “correct” fbe problem data. By anal-
ogy, when modeling a dynamical system for a control task, meirgterested in having

a model that accurately predicts the performance of diffecentrol policies—so that it

can be used to select a good policy—and not in maximizing Keditiood of the observed

sequence data.

In related work, robust control offers an alternative fanaf methods for accounting for
model inaccuracies, specifically by finding controllerst tvark well for a large class of
models. (E.g., [13, 17, 3].) Also, in applied control, sontagtitioners manually adjust
their model's parameters (particularly the model’'s noiagance parameters) to obtain a
model which captures the variability of the system’s dyreaniOur work can be viewed
as proposing an algorithm that gives a more structured apprto estimating the “right”
variance parameters. The issue of time scales has also Hdessed in hierarchical re-
inforcement learning (e.g., [2, 15, 11]), but most of thisrkvbas focused on speeding up
exploration and planning rather than on accurately modeion-Markovian dynamics.

The rest of this paper is organized as follows. We define otatiom in Section 2, then
formulate the model learning problem ignoring actions icti&® 3, and propose a learn-
ing algorithm in Section 4. In Section 5, we extend our altyoni to incorporate actions.
Section 6 presents experimental results, and Section Tunex

2 Preliminaries

If z € R, thenz; denotes thé-th element ofc. Also, letj:k = [j j+15+2 ---k—1k|T.

For any k-dimensional vector of indices ¢ N*, we denote by:; the k-dimensional
vector with the subset of’s entries whose indices are ih For example, ifx =
[0.00.10.20.30.40.5]7, thenzo., = [0.0 0.1 0.2]7.

A finite-state decision process (DP) is a tupte A, T, v, D, R), whereS is a finite set of
states;A is a finite set of actions” = { P(S;1+1 = s'|So.+ = S0.t, Aot = ao.t)} IS a set of
state transition probabilities (herB(S;+1 = s'|So.+ = S0.¢, Ao.t = ap.¢) iS the probability
of being in a state’ € $ at timet + 1 after having taken actiong., € A‘*! in states
s0.¢ € S'Tt attimes0 : t); v € [0, 1) is a discount factorD is the initial state distribution,
from which the initial state is drawn; andR : S — R is the reward function. We assume
all rewards are bounded in absolute valuelyy,.. A DP is not necessarily Markov.



A policy 7 is a mapping from states to probability distributions ovetians. LetV " (s) =
E[}"2 07 R(s:)|m, so = s] be the usual value function far. Then the utility ofr is

U(m) = Esonp[V™(s0)] = E[X 720 v* Rise)|m] = 307207 205, P(Se = se|m) R(s).
The second expectation above is with respect to the randimssquencs), s1, . . . drawn
by starting froms, ~ D, picking actions according te and transitioning according tB.

Throughout this papef?; will denote some estimate of the transition probabilit& de-
note byl («) the utility of the policyr in an MDP whose first-order transition probabilities
are given byP; (and similarlyV’™ the value function in the same MDP). Thus, we Have
U(m) = Esonn [V (s0)] = B3 2720 v Rse)lm] = 327207 2o, Pa(Se = selm)R(se).
Note that if| U (x) — U ()| < e for all =, then finding the optimal policy in the estimated
MDP that uses parameterf$; (using value iteration or any other algorithm) will give a
policy whose utility is within2e of the optimal utility. [6]
For stochastic processes without decisions/actions, Weisd the same notation but drop
the conditioning onr. Often we will also abbreviat®(S; = s;) by P(s;).

3 Problem Formulation

To simplify our exposition, we will begin by considering shastic processes that do not
have decisions/actions. Section 5 will discuss how actiars be incorporated into the
model.

We first consider how wel (s, ) approximated’ (s, ). We have

V(so) = Viso)l = S 7°> Pilselso)R(se) = S 7' Plselso) R(se)
t=0 t=0

St St

S Rmaxzfytz‘PgA<5t‘SO)_P(St|50)’- (1)
t=0 St
So, to ensure that (s) is an accurate estimate Bf(s( ), we would like the parametefof
the model to minimize the right hand side of (1). The téri. | P;(s¢|so) — P(s¢|s0)| is
exactly (twice) the variational distance between the twaditional distributionsP;(-|so)
and P(-|sg). UnfortunatelyP is not known when learning from data. We only get to
observe state sequences sampled accordiy Bhis makes Egn. (1) a difficult criterion
to optimize. However, it is well known that the variationastdnce is upper bounded by
a function of the KL-divergence. (See, e.g., [1].) The Kkafgence betweeR and P
can be estimated (up to a constant) as the log-likelihoodsafnaple. So, given a training
sequence,.r sampled fromP, we propose to estimate the transition probabilifzy
T—-1T—t
0 = arg max ¥log Py(s St)- 2
ge ;;’Y g Po(st+k|5¢) (2)
Note the difference between this and the standard maximugiiHbod (ML) esti-
mate. Since we are using a model that is parameterized astarfler Markov
model, the probability of the data under the model is given Byso,...,sr) =
Py(sr|sr—1)Py(sr—1|s7—2) ... Pa(s1]s0)D(so) (WhereD is the initial state distribution).
By definition, maximum likelihood (ML) chooses the paramgtethat maximize the prob-
ability of the observed data. Taking logs of the probabitibove, (and ignorind(sy),
which is usually parameterized separately), we find thaMhestimate is given by
T-1
6 = argmax ; log Py(s141]51)- €)

ZSincePé is a first-order model, it explicitly parameterizes ofly(Sty1 = st41|St = s¢, As =
a:s). We useP;(S; = s¢|m) to denote the probability thas; = s; in an MDP with one-step
transition probabilitiesP;(S;+1 = s:41|S: = s¢, A = a¢) and initial state distributiorD when
acting according to the policy.
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Figure 1: (a) A length four training sequence. (b) ML estimation for &&irder Markov model op-
timizes the likelihood of the second node given the first node in each ofrigénléwvo subsequences.
(c) Our objective (Eqgn. 2) also includes the likelihood of the last nodergite first node in each

of these three longer subsequences of the data. (White nodes repmeskeserved variables, shaded
nodes represent observed variables.)
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All the terms above are of the formRy(s:+1/s:). Thus, the ML estimator explicitly
considers, and tries to model wetinly the observed one-step transitionh Figure 1
we use Bayesian network notation to illustrate the diffeeebetween the two objec-
tives for a training sequence of length four. Figure 1(a)wshthe training sequence,
which can have arbitrary dependencies. Maximum likelih@ddtl) estimation maximizes
farn(0) = log Py(s1|so) + log Py(s2|s1) + log Py(s3|s2). Figure 1(b) illustrates the in-
teractions modeled by ML. Ignoring for now, for this example our objective (Egn. 2) is
farr(0) +log Po(s2]s0) + log Po(ss]s1) + log Py (s3]so). Thus, it takes into account both
the interactions in Figure 1(b) as well as the longer-ramgeson Figure 1(c).

4  Algorithm

We now present an EM algorithm for optimizing the objectimeEiqn. (2) for a first-order
Markov modeF Our algorithm is derived using the method of [7]. (See the épix for
details.) The algorithm iterates between the following sieps:

e E-step: Compute expected counts
- Vi,j € S, setstats(j,i) =0
-Vt 0<t<T—-1Vk:1<k<T-tVl:0<I1I<k-1Vijes
stats(j,i) + = 7" Py(Ser141 = J, St = i|St = 54, Stk = Se4k)
e M-step: Re-estimate model parameters
Updated such thatvi, j € S, P;(j|i) = stats(j,i)/ 3 4e s stats(k,q)

Prior to starting EM, the transition probabiliti¢3 can be initialized with the first-order
transition counts (i.e., the ML estimate of the paramet@u3sibly with smoothing.

Let us now consider more carefully the computation doneerBfstep for one specific pair
of values fort andk (corresponding to one teriag Py (s:1x|s¢) in Egn. 2). Fork > 2, as

in the forward-backward algorithm for HMMs (see, e.g., [18]), the pairwise marginals
can be computed by a forward propagation (computing thedahwnessages), a backward
propagation (computing the backward messages), and thabicimg the forward and
backward messagéd-orward and backward messages are computed recursively:

for [=1tok — 1, VieS m*,H,l(’L-) = ZjES m*)t+l,1(j)Pé(’l‘|j), (4)
for I=k—1ldowntol, Vi€ S myp(i) = csmerir1—(§)FP5(l0), (5)

3Using higher order Markov models or more structured models (sudyrzmic Bayesian net-
works [4, 10] or mixed memory Markov models [8, 14]) offer no spé difficulties, though the
notation becomes more involved and the inference (in the E-step) migbtigemore expensive.

“A parametetP; (j4) initialized to zero will remain zero throughout successive iterations of EM.
If this is undesirable, then smoothing could be used to eliminate zero initis@valu

®Note that the special cage= 1 (and thus = 0) does not require inference. In this case we
SImpIy havePé(St.H = j, S; = Z‘Sz = S¢, St+1 = Si+1) = 1{Z = St}l{_] = St+1}.



where we initializen (i) = 1{i = s;}, andmy (i) = 1{i = s;4}. The pairwise
marginals can be computed by combining the forward and backwessages:

Py(Sty141 = 7, St41 = i|St = 8¢, St = Se4k) = Moy 1(1) Py (jli)miqi41— (7). (6)

For the termlog Py (s¢+k|st), we end up performing(k — 1) message computations, and
combining messages into pairwise marginals 1 times. Doing this for all terms in the
objective results irD(T3) message computations aat{7%) computations of pairwise
marginals from these messages. In practice, the obje@ivean be approximated by
considering only the terms in the summation witk. H, whereH is some time horizof.

In this case, the computational complexity is reduce@ (@ H?).

4.1 Computational Savings

The following observation leads to substantial savingh@rtumber of message compu-
tations. The forward messages computed for the tepn#y (s;+«|s:) depend only on the
value ofs,. So the forward messages computed for the tefims Py (s, x|s:) }1L_, are the
same as the forward messages computed just for theltgr®y (s:+ |s:). A similar ob-
servation holds for the backward messages. As a result, aetoecompute onlyY) (T H)
messages (as opposed26T H?) in the naive algorithm).

The following observation leads to further, (even more taial) savings. Consider two
terms in the objectivéog Py (s, +1|st, ) andlog Py(se,+k|st,)- If s¢, = s¢, andsy, 14 =
st,+k, then both terms will have exactly the same pairwise matgiaad contribution to
the expected counts. So expected counts have to be comptedre for every triple
1,7,k for which (S; = 4, S;+r = j) occurs in the training data. As a consequence, the
running time for each iteration (once we have made an initesls over the data to count
the number of occurrences of the triples) is 06l§|.S|?> H?), which is independent of the
size of the training data.

5 Incorporating actions

In decision processes, actions influence the state trangitbbabilities. To generate train-
ing data, suppose we choose an exploration policy and takenadn the DP using this
policy. Given the resulting training data, and generatjditgn. (2) to incorporate actions,
our estimator now becomes
T—1T—t

0= argimgs 3 37 og Fuls b avari): @)
The EM algorithm is straightforwardly extended to this iseft by conditioning on the
actions during the E-step, and updating state-action itrangrobabilities Py(j|¢,a) in
the M-step.

As before, forward messages need to be computed only oneadbrvalue of, and back-
ward messages only once for each value fk. However achieving the more substantial
savings, as described in the second paragraph of Sectipis #dw more difficult. In par-
ticular, now the contribution of a triplé j, & (one for which(S; = 4, S;1r = j) occurs

in the training data) depends on the action sequenge,_1. The number of possible
sequences of actions.;—1 grows exponentially wittk.

If, however, we use a deterministic exploration policy togete the training data (more
specifically, one in which the action taken is a determiaiitnction of the current state),
then we can again obtain these computational advantagamt€of the number of oc-
currences of the triples described previously are now agasufficient statistic. How-
ever, a single deterministic exploration policy, by defarit cannot explore all state-action
pairs. Thus, we will instead use a combination of severardahistic exploration policies,
which jointly can explore all state-action pairs. In thiseathe running time for the E-step
becomesO(|S|? H?|1|), where|II| is the number of different deterministic exploration
policies used. (See Section 6.2 for an example.)

®Because of the discount teri in the objective (2), one can safely truncate the summation over
k after abouO(1/(1 — ~)) terms without incurring too much error.
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Figure 2: éa; Grid-world. (b) Grid-world e(x;))erimental results, shanine util(lti)es of policies ob-
tained from the MDP estimated using ML (dash-dot line), and utilities of policigained from the
MDP estimated using our objective (solid line). Results shown are meanSandependent trials,
and the error bars show one standard error for the mean. The hi@lizxis (correlation level for
noise) corresponds to the paramejdn the experiment description. (c) Queue experiment, show-
ing utilities obtained using ML (dash-dot line), and using our algorithm (solie)lifResults shown
are means over 5 independent trials, and the error bars show odarstanmror for the mean. The
horizontal axis (correlation level between arrivals) correspondsetpdinameteb in the experiment
description. (Shown in color, where available.)

6 Experiments

In this section, we empirically study the performance of eiditing using our proposed
algorithm, and compare it to the performance of ordinary Mtireation.

6.1 Shortest vs. safest path

Consider an agent acting for 100 time steps in the grid-wiorl8igure 2(a). The initial
state is marked by S, and the absorbing goal state by G. Trerat@s/-500 for the gray
squares, and -1 elsewhere. This DP has four actions thabftryove in each of the four
compass directions, and succeed with probabilityp. If an action is not successful, then
the agent’s position transitions to one of the neighboruggses. Similar to our example in
Section 1, the random transitions (resulting from unswsfaesictions) may be correlated
over time. In this problem, if there is no noisg £ 0), the optimal policy is to follow
one of the shortest paths to the goal that do not pass thraagtsguares, such as path
For higher noise levels, the optimal policy is to stay as fsayas possible from the gray
squares, and try to follow a longer path suchzi® the goal’ At intermediate noise levels,
the optimal policy is strongly dependent on how correlatedroise is between successive
time steps. The larger the correlation, the more dangeratls 4 becomes (for reasons
similar to the random walk example in Section 1). In our ekpents, we compare the
behavior of our algorithm and ML estimation with differeavéls of noise correlatioh.

Figure 2(b) shows the utilities obtained by the two diffénmodels, under different degrees
of correlation in the noise. The two algorithms perform camngply when the correlation is
weak, but our method outperforms ML when there is strongetation. Empirically, when
the noise correlation is high, our algorithm seems to bendjta first-order model with a
larger “effective” noise level. When the resulting estintblt#¢DP is solved, this gives more
cautious policies, such as ones more inclined to choose Paitier A. In contrast, the
ML estimate performs poorly in this problem because it tetadanderestimate how far
sideways the agent tends to move due to the noise (cf. thepeamSection 1).

"For very high noise levels (e.g.= 0.99) the optimal policy is qualitatively different again.
8Experimental details: The noise is governed by an (unobserved)dMahain with four states
corresponding to the four compass directions. If an action atttisiaot successful, the agent moves
in the direction corresponding to the state of this Markov chain. On eachtbiplarkov chain
stays in the current state with probabilifyand transitions with probability — ¢ uniformly to any
of the four states. Our experiments are carried out varyifrdm O (low noise correlation) to 0.9
(strong noise correlation). A 200,000 length state-action sequentteefgrid-world, generated using
a random exploration policy, was used for model fitting, and a constase fevelp = 0.3 was used
in the experiments. Given a learned MDP model, value iteration was usettltthé optimal policy
for it. To reduce computation, we only included the terms of the objectiga.(E) for whichk = 10.



6.2 Queue

We consider a service queue in which the average arrival isate Thus, p =
P(a customer arrives in one time sjepAlso, for each action, let ¢; denote the service
rate under that action (thug, = P(a customer is served in one time gegion= 7)). In
our problem, there are three service rajes ¢1 < g» with respective rewards —1, —10.
The maximum queue size is 20, and the reward for any stateafitbue is 0, except when
the queue becomes full, which results in a reward of -100@ Séhvice rates arg = 0,

g1 = pandgs = 0.75. So the inexpensive service rateis sufficient to keep up with
arrivals on average. However, even though the averagehbrate isp, the arrivals come
in “bursts,” and even the high service rateis insufficient to keep the queue small during
the bursts of many consecutive arrivals.

Experimental results on the queue are shown in Figure 2(e)pMt the utilities obtained

using each of the two algorithms for high arrival correlatio (Both algorithms perform
essentially identically at lower correlation levels.) We=ghat the policies obtained with
our algorithm consistently outperform those obtained gisiaximum likelihood to fit the

model parameters. As expected, the difference is more prareal for higher correlation
levels, i.e., when the true model is less well approximated first-order model.

For learning the model parameters, we used three detetiniaigploration policies, each
corresponding to always taking one of the three actions.sTtue could use the more
efficient version of the algorithm described in the seconagi@ph of Section 4.1 and
at the end of Section 5. A single EM iteration for the experitseon the queue took 6
minutes for the original version of the algorithm, but toakiyo3 seconds for the more
efficient version; this represents more than a 100-fold dyee

7 Conclusions

We proposed a method for learning a first-order Markov mdukai taptures the system’s
dynamics on longer time scales than a single time step. Ilexperiments, this method was
also shown to outperform the standard maximum likelihood@holn other experiments,
we have also successfully applied these ideas to modeladythamics of an autonomous
RC car. (Details will be presented in a forthcoming paper.)
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Appendix: Derivation of EM algorithm

This Appendix derives the EM algorithm that optimizes Edf). (The derivation is based
on [7]'s method. Note that because of discounting, the abjéds slightly different from
the standard setting of learning the parameters of a Markainavith unobserved variables
in the training data.

Since we are using a first-order model, we hav& (s, i|s¢,as:¢rr—1)

2 Sevrarn Po(StarlStan—1, k1) Py (Stan—1]Stqh—2, Grgi—2) .. Py(Seqalse, ar).
Here, the summation is over all possible state sequesicas.r—1. So we have

T—1~T—t
t—0 Done1 V" 10g Py(si4k|St, Gripr—1)

_ T—-1 T-1T—t _k Qi (St41:44k-1)
- Zt:() Y IOg Pé(st+1 |Sta at) + Zt:o Zk:Z Y IOg ZSt+1:t+k—l Q::(S:iijii—i)
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Here,Q: ; is a probability distribution, and the inequality followsim Jensen’s inequality
and the concavity dfog(-). As in [7], the EM algorithm optimizes Eqgn. (8) by alternatel
optimizing with respect to the distributiordg; . (E-step), and the transition probabilities
Py(-|-,-) (M-step). Optimizing with respect to th@, ;. variables (E-step) is achieved by
settingQy x (St+1:t4k—1) =

P§(5t+17 SRR St+k71|St = St, St+k = St+k, At:t+k71 = at:t+k71)' 9)
Optimizing with respect to the transition probabilitie3;(-|-,-) (M-step) for Q;

fixed as in Eqn. (9) is done by updating to ., such thatVi,jec S,Vac A

Y

we have that P; (jli,a) = stats(j,1,a)/ Y pcg stats(k,i,a),  where
stats(j,i,a) = Z:ol Z;f Z;:ol ’YkPé(StHJrl = J,S41 = i|S; = 54, Sk =
Stk Attak—1 = aprk—1)1{azsy = a}. Note that only the pairwise marginals

Py(St4141, St41]5t, St4x, Av:e+r—1) are needed in the M-step, and so it is sufficient to
compute only these when optimizing with respect todhe, variables in the E-step.



